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ABSTRACT
Any Riemannian manifold possesses a minimal solution of the
heat equation for the Dirichlet Laplacian, called the heat ker-
nel. During the last decades many authors investigated geomet-
ric properties of the manifold such that its heat kernel fulfills a
so-called Gaussian upper bound. Especially compact and non-
compact manifolds with lower bounded Ricci curvature have
been examined and provide such Gaussian estimates. In the
compact case it ended even with integral Ricci curvature assump-
tions. The important techniques to obtain Gaussian bounds are
the symmetrization procedure for compact manifolds and rel-
ative Faber-Krahn estimates or gradient estimates for the heat
equation, where the first two base on isoperimetric properties of
certain sets. In this thesis, we generalize the existing results to
the following.
Locally uniform integral bounds on the negative part of Ricci
curvature lead to Gaussian upper bounds for the heat kernel, no
matter whether the manifold is compact or not. Therefore, we
show local isoperimetric inequalities under this condition and
use relative Faber-Krahn estimates to derive explicit Gaussian
upper bounds.
If the manifold is compact, we can even generalize the integral
curvature condition to the case that the negative part of Ricci
curvature is in the so-called Kato class. We even obtain uniform
Gaussian upper bounds using gradient estimate techniques.
Apart from the geometric generalizations for obtaining Gaussian
upper bounds we use those estimates to generalize Bochner’s the-
orem. More precisely, the estimates for the heat kernel obtained
above lead to ultracontractive estimates for the heat semigroup
ix
and the semigroup generated by the Hodge Laplacian. In turn,
we can formulate rigidity results for the triviality of the first coho-
mology group if the amount of curvature going below a certain
positive threshold is small in a suitable sense. If we can only
assume such smallness of the negative part of the Ricci curva-
ture, we can bound the Betti number by explicit terms depending
on the generalized curvature assumptions in a uniform manner,
generalizing certain existing results from the cited literature.
x
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Chapter 1
Introduction
We consider Riemannian manifolds M of dimension n with Ricci
curvature tensor Ric and Dirichlet Laplacian ∆ ≥ 0. The heat
semigroup (Pt)t≥0 associated to ∆ possesses a smooth integral
kernel p : (0,∞)× M × M → R , called the heat kernel, which
is the minimal fundamental solution of the heat equation. The
heat kernel carries a lot of topological, geometric and analytic
information about the underlying manifold. Since there is no
exact representation of this function, the knowledge about upper
and lower bounds in certain geometric terms is crucial for further
investigations. Here, we are interested in estimates of the form
pt(x, x) ≤ C(x)g(t) , ∀ x ∈ M, t ∈ (0, t0],
for some t0 > 0, and continuous C : M → (0,∞) and contin-
uous and monotonically increasing g : (0, t0] → (0,∞). Such
estimates are called on-diagonal Gaussian upper bounds. If C
is independent of x ∈ M, the upper bound is called uniform
and is equivalent to the ultracontractivity of the heat semigroup
on the interval (0, t0]. During the last decades there have been
lots of efforts to derive Gaussian bounds under different geo-
metric assumptions such as compactness and non-compactness
1
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or several assumptions on the Ricci curvature, see for instance
[BG84, Bes04, Gri99, Gal88b, Cou03, LY86] and the references
therein. This list is far from being complete. Browsing through
the literature shows that we can collect the existing results about
Gaussian upper bounds in the following picture. On the one
hand, we have estimates for the heat kernel in the compact case
under lower bounded Ricci curvature tensor or if the negative
part of Ricci curvature is small in a certain integral sense. In
fact, proving a global isoperimetric inequality leads by the sym-
metrization technique to uniform Gaussian upper bounds for
small times with explicit dependence on the parameters. On
the other hand, if the manifold M is non-compact and the Ricci
curvature is bounded from below, one can still derive Gaus-
sian upper bounds using relative Faber-Krahn estimates as in
[Gri99, Gri09] or the gradient estimate technique as demonstrated
in [LY86, SY94, Ham93]. So far, there did not exist an integral
curvature condition which ensures a Gaussian upper bound on a
non-compact manifold. If one denotes by ρ : M→ R the smallest
eigenvalue of the Ricci tensor for any point in M, we define
κ¯( p, r) = sup
x∈M
|||ρ−|||p,B(x,r) ,
where p > n/2, r > 0, |||·|||p,B(x,r) denotes the Lp-mean in the ball
B(x, r) around x with radius r > 0, and ρ− the negative part of ρ.
One of the main theorems of this thesis is the following.
Theorem 1.1 (cf. Theorem 4.26). Assume 2p > n ≥ 3, and fix a
radius r ∈ (0, diam(M)) . There is an explicitly computable constant
ε1 = ε1(n, p, r) > 0 such that if
r2κ¯( p, r) < ε1,
then there exists an explicit C = C(n, p, r, ε1) > 0 such that for all
2
x ∈ M and 0 < t ≤ r2/4
pt(x, x) ≤ CVol(B(x, r))n+1 t
−n/2.
We prove the theorem above by developing a local isoperi-
metric inequality in any ball B(x, r) of fixed radius r > 0 and in
turn a relative Faber-Krahn inequality in the sense of [Gri09]. To
obtain the local isoperimetric estimates, we prove a local inverse
doubling inequality and compare existing results from [Yan92]
about bounding the volume of a geodesic cone under integral
curvature conditions and Croke’s inequality from [Cro80]. We
also compare this with existing results with integral curvature
assumptions.
Asking for weaker assumptions than integral conditions leads
to the so-called Kato class. It is well known that the Dirich-
let Laplacian generates a Dirichlet form, such that techiques
from perturbation theory can be applied to control perturbed
semigroups. Therefore, for measurable non-negative functions
V : M→ R, we can consider the quantity
bKato(V, b) :=
Z b
0
‖PtV‖¥ dt
for some b > 0. If bKato(V, b) < 1 for some b > 0, the function V
is relatively bounded with respect to D, such that the perturbed
semigroups have nice properties depending on bKato(V, b). Ob-
viously, if the heat semigroup is ultracontractive, the condition
above can be satisfied if the norm of V is small enough. A some-
what surprising effect is that the smallness of bKato(r −, b) for
some b > 0 suffices to obtain Gaussian upper bounds if the
manifold is compact, generalizing integral curvature conditions.
Theorem 1.2 (cf. Theorem 5.15). Let M be a compact Riemannian
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manifold of dimension n ≥ 2 and β > 0. There is an ε > 0 such that if
b := bKato(ρ−, β) < ε,
then there are explicit constants c, δ > 0 such that for all x ∈ M and
t ≤ β
pt(x, x) ≤ c
Vol(B(x,
√
β))
t−δ.
The argument is a modification of existing results from [ZZ15,
LY86] by proving a gradient estimate for positive solutions of the
heat equation. The ultracontractivity follows if we can choose
β large enough. It is not hard to see that if the Lp-norm of ρ− is
small enough, smallness of the Kato constant is equivalent to a
Gaussian upper bound.
Closely connected to the results above are bounds on certain
topological invariants. We focus here on the first real de Rham
cohomology group of compact Riemannian manifolds. The ele-
ments of this group can be represented by harmonic differential
one-forms. Bochner’s theorem states that the dimension of this
group, b1(M), is at most the dimension of the manifold if the
Ricci curvature is non-negative. Furthermore, the group is trivial
if additionally the Ricci curvature is positive somewhere. By
combining ideas from [ER91] and Kato class techniques from
[SV96, Voi86], we generalize Bochner’s result in a quantitative
way for manifolds carrying a small amount of Ricci curvature go-
ing below a certain positive level. Therefore, we establish bounds
on b1(M) depending on the rate of ultracontractivity of the heat
semigroup and its perturbations by Kato potentials. As a first
consequence we can show rigidity of the triviality of the coho-
mology group, which generalizes the second part of Bochner’s
theorem.
Theorem 1.3 (cf. Corollaries 6.10, 6.9). Let M be a compact Rieman-
nian manifold of dimension n ≥ 3 and diam M ≤ D. For q > n/2,
4
r 0 > 0, there is an explicit c(q, n, ρ0) > 0 with the following property:
If
|||(ρ− ρ0)−|||q < c(q, n, ρ0),
then b1(M) = 0.
This theorem is a quantitative version of results obtained in
[ER91]. The first part of Bochner’s theorem can be generalized
using similar techniques. In particular, we derive an upper bound
for b1(M) depending on smallness of bKato(ρ−, β) for some β.
Theorem 1.4 (cf. Corollary 6.19). Let M be a Riemannian manifold
of dimension n ∈ N, β > 0. There is an ε > 0 such that if
bKato(ρ−, β) < ε,
then b1(M) can be bounded explicitly.
Note that the same techniques can be applied to integral curva-
ture conditions, too.
This thesis is organized as follows. The first two chapters sum-
marize basic material about Riemannian manifolds.
Chapter 2 introduces the notions of Riemannian manifolds, Ricci
curvature and the constructions of the Laplacians acting on var-
ious vector bundles, such as Hodge and Bochner Laplacians.
Furthermore, the connections between them will be presented.
We introduce the de Rham cohomology groups for compact man-
ifolds and summarize certain properties of those spaces. In par-
ticular, we state the above mentioned theorem by Bochner. In
the third Chapter we extend the Laplacian acting on smooth
functions to a selfadjoint operator, the Dirichlet Laplacian, and
consider the associated heat equation. The heat semigroup as the
operator family solving the related Cauchy problem for given
5
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initial data and the notion of ultracontractivity will be introduced.
We identify the minimal fundamental solution of the heat equa-
tion to be the heat kernel of the manifold and relate it to that
notion. We outline what is meant by a perturbed semigroup
by a potential being Kato class and that perturbations by such
functions are ultracontractivity preserving. The last part gives an
overview about the so-called semigroup domination principle for
the semigroups generated by the different Laplacians on vector
bundles described in the Chapter 2.
The second part of this work consists of two different techniques
to obtain Gaussian upper bounds for the heat kernel and resulting
ultracontractive estimates for the heat semigroup under different
curvature assumptions. During the presentation of the different
approaches we summarize existing results briefly.
Chapter 4 collects neccessary facts about the isoperimetric method
and relates it to Gaussian upper bounds for the heat kernel. We
discuss the difference between the compact and non-compact
cases and how to obtain Gaussian upper bounds in the non-
compact case. Then, we focus on the first main result of this
thesis, as outlined above, and prove Gaussian upper bounds
under locally uniform integral bounds on the negative part of
the Ricci curvature by proving locally uniform isoperimetric es-
timates. This has first been proved in [Ros16a]. Chapter 5 goes
beyond those results. By assuming compactness of the manifold,
we prove that if the Kato constant of the negative part of Ricci
curvature is small, we also get a Gaussian upper bound. In fact,
the bound is uniform under the right choice of the parameters.
Therefore, we prove a gradient estimate for positive solutions of
the heat equation and guide via Harnack inequalities to Gaussian
estimates. Note that the smallness of the Kato constant can be
achieved if an appropriate integral norm of the curvature is small
enough, such that the first mentioned generalizes the second.
This has been achieved first in [Ros16b].
6
Finally, the last part, consisting of Chapter 6, connects all the
things we did before and describes how to bound the dimension
of the first cohomology group by operator theoretic techniques.
We use the power of the Kato condition to show the regidity of
the triviality of the de Rham cohomology group under explicit
integral curvature condtions. Additionally, we show that smooth-
ing of the semigroup of the Hodge Laplacian yields bounds on
b1(M) in terms of the smallness of the Kato constant and integral
curvature assumptions. This has been discussed first in [RS16].
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Chapter 2
Riemannian manifolds
Starting from general framework on Riemannian manifolds, we
introduce the Levi-Civita connection on vector fields and the Ricci
curvature tensor. After an overview about differential forms and
integration on manifolds, the different Laplacians on a manifold
will be described and their meanings and relations will be dis-
cussed. At the end we define the de Rham cohomology group
and summarize certain properties.
The content is taken from [Jos08, GHL04] and [Gri09]. The in-
terested reader can also consult [Pet16] or [Ros88] for detailed
introductions to Riemannian geometry.
2.1 Curvature on Riemannian manifolds
Definition 2.1. M will always be a complete smooth Riemannian
manifold of dimension n without boundary, metric tensor g and
distance function d(·, ·). The expressions TM and T∗M represent
the tangent and the cotangent bundle of M, respectively. The
operator d denotes the differential on functions acting from TM
to R.
When we talk about manifolds, we always mean Riemannian
manifolds except we refer to something else. As usual, we iden-
9
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tify a point in M with its image in a given chart and suppress the
dependence on the specific point. The basis vectors of a tangent
space in a chart x : M ⊃ U → Rn are given by
¶
¶x1 , . . . ,
¶
¶xn ∈ Tx M
and the covectors
dx1, . . . , dxn ∈ T∗x M
span the cotangent space T∗x M in the chart x. The metric tensor g
in the chart x is nothing but a positive definite matrix
g(x) =   gij(x)  ni,j= 1 ,
which depends continuously on the base point. Furthermore, we
denote by g−1 the tensor on the cotangent bundle defined in the
chart x by
g−1(x) =   gij(x)  ni,j= 1 .
For a differentiable function f : M → R , the differential acts in
x ∈ M as the Jacobian of f in x, i.e.
d f (x) : Tx M→ R, vi ¶¶xi → v
i ¶ f
¶xi
¶
¶ f
where ¶¶ f denotes the partial derivative in the point f (x) in the
tangent space Tf (x)R ∼= R . The space of smooth functions on
a manifold M is denoted by C¥ (M). Here and in the follow-
ing we use the Einstein summation convention, which means
that we will sum automatically over repeating indices up to the
dimension.
Denition 2.2. If E→ M is a vector bundle, the space G(E) is the
set of smooth sections of E. In particular, the space of vector fields
is G(TM).
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2.1 Curvature on Riemannian manifolds
In order to differentiate vector fields on a manifold one in-
troduces the notion of parallel transport along a geodesic. It
turns out that the action of parallel transport in a direction can
be described by an operation called covariant derivative or (linear)
connection. If E→ M is a vector bundle over M, a connection is a
map
∇ : Γ(TM)⊗ Γ(E)→ Γ(E)
whith the following properties:
• D is tensorial:
DV+Wσ = DVσ+ DWσ ∀V, W ∈ Tx M, σ ∈ Γ(E), x ∈ M
and
D f Vσ = f DVσ ∀ f ∈ C∞(M), σ ∈ Γ(E).
• D is R-linear:
DV(σ+ τ) = DVσ+ DVτ ∀V ∈ Tx M, σ, τ ∈ Γ(E), x ∈ M
and satisfies the product rule
DV( fσ) = d f (V)σ+ f DVσ ∀ f ∈ C∞(M), σ ∈ Γ(E).
On any manifold there is a special unique linear connection on
the tangent bundle which we use in all what follows.
Denition 2.3. The Levi-Civita connection of a Riemannian man-
ifold M acting on Γ(TM) is the unique torsion free and metric
connection on M and it will always be denoted by ∇.
That∇ is torsion free means that for all X, Y ∈ Γ(TM) we have
∇XY−∇YX = [X, Y]
11
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where [·, ·] stands for the commutator of two vector fields and
the metric compatibility is given by
dg(Y, Z)(X) = g(∇XY, Z) + g(Y,∇XZ) ∀X, Y, Z ∈ Γ(TM).
For two vector fields X, Y ∈ Γ(TM) let
∇2XY := ∇X∇Y −∇∇XY
be the second covariant derivative. The difference between sec-
ond covariant derivatives between two directions measures how
the space differs from Rn, defining the notion of curvature.
Denition 2.4. The Riemannian curvature tensor is defined by
R(X, Y)Z := ∇2Y,XZ−∇2X,YZ = ∇Y∇XZ−∇X∇YZ +∇[X,Y]Z
for all X, Y, Z ∈ Γ(TM). In particular, we put
R(X, Y, Z, W) := g(R(X, Y)Z, W) ∀X, Y, Z, W ∈ Γ(TM).
Remark 2.5. The sign convention we chose for the curvature tensor
seems maybe unnatural for vector fields. In fact, the definition of
sectional curvature would differ from the usual classical notation,
but both definitions coincide by commutation formulae for the
curvature tensor, see [GHL04]. The main advantage of our choice
is a special closed representation for the Weitzenböck formula on
one-forms, which will be discussed later.
Of course, there are a lot of curvature notions on Riemannian
manifolds resulting from several constructions from the Rieman-
nian curvature tensor. For example, the sectional curvature mea-
sures the behavior of a geodesic in a point in a plane in the
tangent space. We are interested in a weaker form of curvature.
Denition 2.6. Define the Ricci curvature at x ∈ M in direction
X ∈ Tx M as
Ric(X) := Ric(X, X) := gjlg

R

X,
¶
¶xj

X,
¶
¶xl

.
12
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We put
Rijkl := g
(
R
(
∂
∂xi
,
∂
∂xj
)
∂
∂xk
,
∂
∂xl
)
.
The Ricci tensor Ric is a pointwise symmetric matrix given by the
entries
Rik := gjlRijkl ∀ i, j ∈ {1, . . . , n}.
The Ricci curvature in direction X is the average of all sectional
curvatures of all planes in the tangent space at a given point
containing the direction X.
Remark 2.7. The Ricci curvature measures the difference between
the volume elements of the considered manifold and Euclidean
space, see, e.g., [Pet16]. Additonally, lower bounds on the Ricci
curvature imply volume comparison estimates in several variants.
The first version of such a comparison estimate was proved in
[CGT82]. A global sharp lower bound implies a comparison
inequality between volumes of balls of different radii with the
volumes of balls of the same radii in a comparison space. This
was generalized in [PW97] to integral Ricci curvature bounds.
Later, we will formulate a localized version of those results.
2.2 Geodesics
Definition 2.8. Let M be a Riemannian manifold and ∇ the Levi-
Civita connection on M. A curve c : [a, b] → M, a, b ∈ R , a < b,
is called geodesic if
∇c′c′ = 0.
Local existence and uniqueness of geodesics follows implicitly
from the Picard-Lindelöf Theorem. The following statement
is [GHL04, Corollary 2.85]. Here and in the sequel, we give
bibliographic references of basic results to suitable textbooks
rather than to the original sources.
13
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Theorem 2.9. Let M be a Riemannian manifold. For x ∈ M, there is
a neighnorhood U ⊂ M of x and ε > 0 such that, for y ∈ U and v ∈
TyM with g(v, v) < ε, there exists a unique geodesic cv : (−1, 1)→ M
with initial conditions cv(0) = y and c′v(0) = v. Moreover, the map
C : TU × (−1, 1)→ M, (v, t) 7→ cv(t) is smooth.
If c : [a, b]→ M is a differentiable curve, the length of c is given
by
L(c) :=
∫ b
a
‖dc
dt
(t)‖dt,
where the occuring norm is the norm of the tangent space at
c(t). The distance d(p, q) between p, q ∈ M is then given by
the infimum of L(c) over all curves c with endpoints p and q.
The topology induced by d(·, ·) on M coincides with the orig-
inal topology on M. A natural parametrization for geodesics
comes with the notion of the exponential map of manifold. As in
[GHL04], we will denote by cv the maximal geodesic with initial
conditions cv(0) = x and c′v(0) = v for x ∈ M and v ∈ Tx M. We
set
ΩM := {v ∈ TM | cv(1) exists}.
Definition 2.10. Define the exponential map of a Riemannian man-
ifold M by
exp : ΩM → M, v 7→ cv(1).
Furthermore, expx : Tx M → M will denote its restriction to the
tangent space Tx M at x ∈ M.
That exp is smooth is an immediate consequence of Theorem
2.9. Additionally, for any x ∈ M, the map expx is a diffeomor-
phism between a ball in the tangent space around zero in Tx M
and its image under expx, where the radius of the ball depends
on x itself. It is well known that this enables to define normal
coordinates at x. We introduce spherical coordinates at x ∈ M
by parametrizing Tx M by a radius function and the unit sphere
14
2.3 Integration and Laplace operators on vector bundles
Sn−1x ⊂ Tx M, which is nothing but the unit sphere Sn−1 in Rn with
the local metric on M. It turns out that a connected manifold is
complete as a metric space if and only if it is geodesically complete,
i.e., every geodesic is defined for all times.
Theorem 2.11 (Hopf-Rinow). Let M be a connected Riemannian
manifold. The following statements are equivalent:
(i) M is complete as a metric space.
(ii) There exists a point x ∈ M such that expx is defined on all of
Tx M.
(iii) M is geodesically complete.
(iv) Bounded and closed subsets of M are compact.
Additionally, each of the statements above implies that any two points
can be joined by a geodesic of shortest length.
For the proof see, e.g., [Jos08, Theorem 1.7.1].
2.3 Integration and Laplace operators on vector
bundles
Manifolds carry the structure of a metric measure space. If B(M)
is the smallest s-algebra containing all open sets of a manifold
M of dimension n, we say that E ⊂ B(M) is measurable if for
all charts (U, x), the set x(U ∩ E) is Lebesgue measurable in
Rn. The set of measurable sets in M forms a s-algebra denoted
by S(M). The canonical measure on M is then given by the
following theorem.
Theorem 2.12. For any Riemannian manifold M with metric tensor
g there is a unique measure dvol on S(M) such that, in any chart
(U, x),
dvol =
p
det gdl ,
15
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where g = g(x) is the matrix representation in x, and λ is the Lebesgue
measure in x(U). Furthermore, dvol is complete, it takes finite values
on compact subsets and is inner and outer regular.
This can be found, e.g., in [Gri09, Theorem 3.11]. Let E→ M be
a smooth vector bundle of rank n over M equipped with a smooth
bundle metric 〈·, ·〉x, x ∈ M, and an induced covariant derivative
which will be denoted by ∇ like the Levi-Civita connection. The
domain of definition of the different operators ∇ will always be
clear from the context.
Definition 2.13. The Bochner-Laplacian
∇∗∇ : Γ(E)→ Γ(E)
is the operator given by the composition
∇∗∇:Γ(E) ∇−→Γ(TM⊗ E) ∇⊗1+1⊗∇−−−−−−→Γ(TM⊗ TM⊗ E) −Tr−−→Γ(E),
where Tr is the trace operator with respect to the metric g.
If (ei)ni=1 is a local orthonormal frame in TM, the Bochner-
Laplacian has the local representation
∇∗∇ = −∇2eiei .
Additionally, this operator is always non-negative and symmetric
on Γ(E), see, e.g., [Gün10], and exists on any smooth vector bun-
dle with a smooth bundle metric without assuming additional
structure. Normally, such bundles over a manifold result from
algebraic constructions out of the tangent and cotangent bundles.
We want to deal here with a particular one. Therefore, if V is
some vector space of dimension n ∈ N , let Λk(V) be the set of
alternating k-forms and ∧ the product on the Grassmannian
Λ(V) = ⊕∞k=1Λk(V).
Details about Grassmannians can be found, e.g., in [Fed69, War83].
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2.3 Integration and Laplace operators on vector bundles
Definition 2.14. For k ∈ {0, . . . , n}, the set of differential forms of
degree k on a Riemannian manifold M of dimension n will be
denoted by
Ωk(M) := Γ
( ⋃
x∈M
Λk (T∗x M)
)
.
Remark 2.15. By definition, we have
Ω0(M) = C∞(M).
Differential forms model lower-dimensional subspaces of a
given n-dimensional manifold M and allow to give a coordinate-
free definition for integration if M is orientable. In fact, the
existence of an orientation on M is equivalent to a non-vanishing
n-form, the so-called volume form of M, which is in local coordi-
nates given by
dvol(x) =
√
det g(x) dx1 ∧ . . . ∧ dxn.
Note that the density of the volume form is exactly the density of
the canonical measure, but does not always exist. Nevertheless,
we will use the same notation for the measure and the volume
form. The metric compatibility of the Levi-Civita connection
encodes implicitly the action of the induced connection on the
space of differential forms. In fact, for an one-form ω ∈ Ω1(M)
and any vector fields X, Y ∈ Γ(TM) we have
(∇Xω)(Y) = d(ω(Y))(X)−ω(∇XY)
and inductively also for any k-form ω ∈ Ωk(M) and any vector
fields X, Y1, . . . , Yk ∈ Γ(TM)
(∇Xω)(Y1, . . . , Yk) = d(ω(Y1, . . . , Yk))(X)
−
k
∑
n=1
ω(Y1, . . . ,∇XYn, . . . , Yk).
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The additional structure of the spaces of differential forms yield
also another type of differentiation coming from the differential
of functions. In local coordinates, given a k-form
ω(x) = ωi1,...,ik(x)dx
i1 ∧ . . . ∧ dxik ,
the exterior differential d is the map d : Ωk(M) → Ωk+1(M) de-
fined by
dω(x) =
∂
∂xk
ωi1,...,ik(x) dx
k ∧ dxi1 ∧ . . . ∧ dxik .
The dependence of the exterior differential on the specific degree
of the forms will always be supressed. The scalar product in-
duced by the metric tensor on the cotangent bundle extends to a
bundle product 〈·, ·〉 on the bundle ⋃x∈M Λk(T∗x M). The canoni-
cal measure of M allows to define a scalar product on the spaces
of differential forms. For k ∈ {0, . . . , n} and α, β ∈ Ωk(M) let
(α, β) :=
∫
M
〈α, β〉dvol,
whenever the right hand side is finite. The adjoint operator to the
differential d on Ωk(M),
d∗ : Ωk(M)→ Ωk−1(M),
is given by the relation
∀ω ∈ Ωk(M), ϕ ∈ Ωk−1(M) : (d∗ω, ϕ) = (ω, dϕ).
Definition 2.16. For any k ∈ {0, . . . , n}, the co-differential on
Ωk(M) is the operator
d∗ : Ωk(M)→ Ωk−1(M).
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Definition 2.17. The Laplace-Beltrami operator on M is given by
∆ := d∗d : C∞(M)→ C∞(M).
For any k ∈ {1, . . . , n}, the Hodge-Laplacian on k-forms on a mani-
fold M is defined to be the operator
∆ = ∆k := dd∗ + d∗d : Ωk(M)→ Ωk(M).
Remark 2.18. As usual, we supress the dependence on the degree
of the domain of definition of the occurring operators because the
meaning will always be clear from the context. Exactly the same
applies if we consider Laplacians instead of Laplace-Beltrami
operators, Hodge- or Bochner-Laplacians.
It is well known that the operators ∆ defined above are non-
negative and symmetric. Let us calculate the Laplace-Beltrami
operator of a manifold in local coordinates. For any differentiable
function f ∈ C∞(M) and any compactly supported ϕ : M→ R
Z
M
∆ f · ϕdvol = (∆ f , ϕ) = (d f , dϕ)
=
Z
M
〈d f , dϕ〉dvol =
Z
M
gij
∂ f
∂xi
∂ϕ
∂xj
dvol
= −
Z
M
1√
g
∂
∂xj
 √
ggij
∂ f
∂xi

ϕdvol,
where g = det gij. Here, we used the divergence theorem for
smooth functions, see [Gri09]. This implies that the Laplacian on
C∞(M) has the local representation
∆ = − 1√
g
∂
∂xj
 √
ggij
∂
∂xi

.
2.4 Weitzenböck decompostion
Several notions of a Laplacian have been defined and we want
to discuss the connections between them briefly. On smooth
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functions, we have d∗ = 0, such that the Laplace-Beltrami oper-
ator could have been defined as a Hodge-Laplacian. It is easy
to see that, in this case, the Bochner-Laplacian coincides with
the Laplace-Beltrami. On forms of higher order we have to be
more careful since the derivatives work in a particular way given
by the underlying geometry. If the chart (x, U) constitutes an
orthonormal frame ∂
∂x1 , . . . ,
∂
∂xn and the corresponding dual frame
is dx1 . . . , dxn, we have that the exterior derivative on forms can
be represented by
d = dxi ∧∇ ∂
∂xi
,
which can be seen rather quickly using normal coordinates and
the product rule for the connection on forms. In particular, the
representation does not depend on the specific choice of the
orthonormal frame. Furthermore, the co-differential can be repre-
sented locally by
d∗ = −ι
(
∂
∂xi
)
∇ ∂
∂xi
,
where ι is the interior multiplication operator. It turns out that,
in fact, the Hodge- and Bochner-Laplacian are closely related
and differ only by a lower order perturbation in terms of the
Riemannian curvature tensor.
Theorem 2.19 (Weitzenböck). Let M be an Riemannian manifold
of dimension n and e1, . . . , en a local orthonormal frame field, i.e.,
e1(x) . . . , en(x) is an orthonormal system in Tx M for any x in any
open subset of M, with dual coframe field η1, . . . , ηn. Then, for any
p ∈ {1, . . . , n}, the Hodge-Laplacian on p-forms decomposes into
∆ = −∇2eiei + ηi ∧ ι(ej)R(ei, ej).
Several formulations and proofs are included in, e.g., [Jos08,
Theorem 3.3.3],[Pat71, dR55].
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Remark 2.20. Note that if one compares the theorem above with
the cited literature, one has to be careful concerning the definition
of the Riemannian curvature tensor. We adopted our definition
to the theorem from [Jos08].
In general, there is no closed representation of the Weitzenböck
formula, but for one-forms the decomposition can be reduced to
the formula below, cf. [GHL04, Proposition 4.3.6],[Nel67].
Theorem 2.21. Let M be a Riemannian manifold and ∆ the Hodge-
Laplacian on 1-forms. Then, we have
∆ = ∇∗∇+ Ric ,
where Ric is the Ricci curvature viewed as a field of endomorphisms
acting on the cotangent bundle, i. e., for any form α ∈ Ω1(M) and
vector field X ∈ Γ(TM), we have Ric(α)(X) := α (Ric(X)).
2.5 The de Rham cohomology
In order to introduce the de Rham cohomology groups, we
consider in this paragraph only compact manifolds. For any
k ∈ {0, . . . , n}, the operator d satisfies the coboundary property
d ◦ d = 0 by the alternating property of k-forms. We say that
α ∈ Ωk(M) is closed if dα = 0 and exact if there is a η ∈ Ωk−1(M)
with α = dη. Obviously, exact forms are closed. We define an
equivalence relation on the set of closed k-forms by
α ∼ β :⇔ α− β is exact.
The set of equivalence classes form a vector space over R , called
the k-th de Rham cohomology group of M, and will be denoted by
Hk(M).
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Remark 2.22. Note that one could also define a L2-cohomology for
non-compact manifolds as it was done, e.g., in the appendix of
[PRS08]. The interested reader should also consult [Sch01] and
the references therein.
A fundamental result about the de Rham cohomology groups
has been proven by Hodge, which states that the cohomology
classes can be represented by harmonic forms, see, e.g., [Jos08,
Theorem 2.2.1].
Theorem 2.23 (Hodge). Let M be a compact Riemannian manifold.
Then every cohomology class in Hk(M), k ∈ {0, . . . , n}, contains
precisely one harmonic form.
Because there is a Riemannian metric on any differentiable
manifold, the Hodge theorem implies the finiteness of all their
cohomology groups, cf., e.g., [Jos08, Corollary 2.2.2].
Corollary 2.24. Let M be a compact, differentiable manifold. Then, all
cohomology groups Hk(M), k ∈ {0, . . . , n}, are finite dimensional.
Since the de Rham cohomology constitutes a vector space, it
is natural to ask for the structure of its dual space. For oriented
manifolds, there is an explicit dual pairing on the de Rham coho-
mology groups, see, e.g., [Jos08, Theorem 2.2.2].
Theorem 2.25 (Poincaré). Let M be a compact, oriented, differentiable
manifold of dimension n. Then Hk(M) is isomorphic to the dual space
(Hn−k(M))∗ of Hn−k(M) for all k ∈ {0, . . . , n}. The dual pairing is
the non-degenerate bilinear form
Hk(M)× Hn−k(M)→ R, ([w], [h]) 7→
Z
〈w, ∗h〉dvol,
where ∗ is the Hodge-∗-operator.
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Definition 2.26. The k-th real homology group Hk(M) := Hk(M, R)
of a compact, oriented, differentiable manifold M is defined to
be (Hk(M))  for k 2 f 0, . . . , ng. The k-th Betti number is defined
by bk(M) := dim Hk(M).
Corollary 2.27. Let M be a compact, oriented, differentiable manifold
of dimension n. Then, for all k 2 f 0, . . . , ng,
Hk(M) = Hn   k(M),
and
bk(M) = bn   k(M).
This can be found, e.g., in [Jos08, Corollary 2.2.3]. A deep
connection between the de Rham cohomology groups and the
underlying topology of a manifold has been proven by de Rham
himself. In fact, as demonstrated in, e.g., [Pet16, Theorem 89],
calculating the cohomology in the sense of de Rham automati-
cally implies the knowledge of the singular cohomology of the
manifold.
Theorem 2.28 (de Rham). If M is a compact, oriented, differentiable
manifold, then the de Rham cohomology groups Hk(M) are the same as
the singular cohomology groups with real coefficients.
Since we know that all cohomology groups are finite dimen-
sional, the question of their dimensions depending on certain
geometric assumptions is still open. To answer this question we
introduce the following quantity, which will play an important
role in all that follows. Define the function
r : M ! R, x 7! inf
X2 Tx M,g(X,X)=1
Ric(X), (2.1)
which maps any x 2 M to the smallest eigenvalue of the matrix
representation of the Ricci tensor at x. We say that the Ricci curva-
ture is bounded from below by K 2 R if r  K. Bochner proved
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that non-negatively Ricci curved manifolds, i.e., ρ ≥ 0, of dimen-
sion n can only admit a first de Rham cohomology whose dimen-
sion is at most the dimension of the cohomology group of the
n-dimensional torus. Additonally, he observed that the first co-
homology group must be trivial if the Ricci tensor is additionally
positive at some point, cf., e.g., [Jos08, Theorem 3.5.1],[GHL04,
Theorem 4.37].
Theorem 2.29 (Bochner). Let M be a compact Riemannian manifold
of dimension n.
(i) If the Ricci curvature is non-negative, then
b1(M) ≤ n.
(ii) If the Ricci curvature is non-negative and positive somewhere,
then
H1(M) = {0}.
Bochner’s theorem follows implicitly from the Weitzenböck
decomposition and Stoke’s formula. It seems reasonable that it
should be possible to prove similar theorems allowing a small
amount of negative Ricci curvature. We will see in later chapters
that it is indeed possible to obtain such results using perturbation
theory.
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Chapter 3
Heat diffusion on
manifolds
After the description of several function spaces on manifolds
and the Dirichlet-Laplacian we discuss several properties of the
heat diffusion equation. In particular, the heat kernel as the
fundamental solution of this equation will be introduced and
some important results concerning the perturbation of the heat
semigroup will be listed. The content can be found more detailed
in [Gri09, HSU80, SV96].
3.1 Lebesgue and Sobolev spaces
Let M be a Riemannian manifold of dimension n. We have seen
before that (M,Σ(M), dvol) forms a metric measure space. For
p ∈ [1,∞), we define for a measurable function f : M→ R
‖ f ‖p :=
 Z
M
| f |pdvol

1
p
and for p = ∞ we let
‖ f ‖∞ := ess sup
M
| f |.
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For any p ∈ [1,∞], denote by Lp(M) the set of all equivalence
classes of measurable functions f : M → R with finite p-norm,
where, as usual, functions which differ only on sets of measure
zero are identified. If we talk about local properties of an equiva-
lence class we always mean that there is a representative of the
class with the mentioned properties. Denote by C∞c (M) the set of
smooth functions on M with compact support. It is well known
that
Lp(M) = C∞c (M),
where the bar denotes the completion with respect to the p-norm.
The spaces Lp(M) become Banach spaces for 1 ≤ p ≤ ∞. Fur-
thermore, L2(M) carries a Hilbert space structure with the scalar
product
( f , g) :=
Z
M
f · g dvol, f , g ∈ L2(M).
The spaces of locally p-integrable functions Lploc(M) for p ∈ [1,∞]
consist of all measurable functions which are in Lp(U) for all
relatively compact subsets U ⊂ M. Based on this, Lp-spaces
for vector bundles can also be constructed. For a smooth vector
bundle E → M over M with a smooth structure 〈·, ·〉x, x ∈ M,
denote the corresponding norms induced by the structure by | · |
and define the norms
‖w‖p := ‖|w|‖p, w ∈ Γ(E),
and denote by Γc(E) the compactly supported sections of E. Then,
the completion of Γc(E)with respect to the corresponding p-norm
will be denoted by Lp(E). The locally p-integrable spaces Lploc(E)
are then defined in a similar fashion as for functions. Again,
the spaces Lp(E), 1 ≤ p ≤ ∞, are Banach spaces and L2(E) is a
Hilbert space with the scalar product
(w, h) :=
Z
M
〈w, h〉dvol, w, h ∈ L2(E).
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The set of test functions D(M) is the space C∞c (M) equipped with
the following topology. A sequence (ϕk)k∈N ⊂ D(M) converges
to ϕ ∈ D(M), if all derivatives of all ϕk converge uniformly
to the derivatives of ϕ in every chart and if there is a compact
subset containing the supports of all ϕk. The set of all distributions
D′(M) on M is the space of all linear functionals on D(M). A
sequence of distributions converges if it converges in the weak
sense. Similar to this we define ~D(M) to be the set of test vector
fields and Dk(M) of test k-forms for k ∈ {1 . . . , n}. The spaces of
locally integrable functions are continuously embedded in the
set of distributions.
The distributional Laplacian ∆d on D′(M) is defined by
∀u ∈ D′(M) : ∀ϕ ∈ D(M) : (∆du, ϕ) := u(∆ϕ)
and the distributional gradient ∇ on D′(M) by
∀u ∈ D′(M) : ∀ϕ ∈ ~D(M) : (∇u, ϕ) := −u(d∗ϕ).
The space
W1(M) := {u ∈ L2(M) | ∇u ∈ L2(TM)}
equipped with the norm
‖u‖2W1(M) := ‖u‖22 + ‖∇u‖22, u ∈W1(M),
becomes a Hilbert space continuously embedded in L2(M). Fur-
thermore, we let W10 (M) the completion of C
∞
c (M) with respect
to ‖ · ‖W1(M) and
W2(M) := {u ∈ L2(M) | ∆du ∈ L2(M)}.
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3.2 The Dirichlet-Laplacian and its spectrum
The intersection of the function spaces W10 (M) and W
2(M) of a
manifold M introduced above is the domain of the Friedrichs
extension of the Laplace-Beltrami operator defined on C∞c (M).
Definition 3.1. The operator
∆ := ∆d
∣∣
W10 (M)∩W2(M)
is called the Dirichlet-Laplacian in L2(M).
As the Friedrichs extension of a non-negative operator, the
Dirichlet-Laplacian is always non-negative and selfadjoint in
L2(M). In particular, the spectrum σ(∆) is a subset of the non-
negative real axis. If we talk about the spectrum of a manifold M
we always mean the spectrum of the Dirichlet-Laplacian on M.
For further use we set
λ(M) := inf σ(∆).
The notation reflects the point of view that the infimum of the
spectrum can also be regarded as a property of the manifold
M. Note that since any open U ⊂ M constitutes a Riemannian
manifold itself, all the definitions above apply also for relatively
compact regions. For relatively compact subsets, we have the
following characterization of the spectrum, see, e.g., [Gri09, The-
orem 10.13(i), Theorem 10.22].
Theorem 3.2. Let U ⊂ M be a non-empty open relatively compact
subset of a Riemannian manifold M.
(i) The spectrum of U is discrete and consists of an increasing se-
quence (λi)∞i=0 of non-negative eigenvalues, counted according to
multiplicities, such that
0 ≤ λ(U) = λ0 < λ1 ≤ λ2 ≤ . . .→ ∞.
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(ii) Assume additionally that M is connected and M \ U¯ 6= ∅. Then,
λ(U) is positive.
In particular, if M is compact, σ(∆) is discrete. But, since the
constant non-vanishing functions are eigenfunctions, zero is an
eigenvalue. From the analytic point of view, this information is
rather useless. However, in this case, the minimal eigenvalue
is simple, and later we will always refer to the first non-zero
eigenvalue when we are talking about compact manifolds.
3.3 The heat equation
Let M be a Riemannian manifold and consider the diffusion or
heat equation for the Dirichlet-Laplacian
∂
∂t
u = −∆u (3.1)
for an appropriate function u : (0,∞)×M→ R . The correspond-
ing L2-Cauchy problem is finding such a nice function u satisfying
u(t, ·) ∈ L2(M) for any t > 0 such that{
∂
∂tu = −∆u, t > 0,
u
∣∣
t=0 = f .
(3.2)
More precisely, u has to satisfy the following properties:
• the map t → u(t, ·) is strongly differentiable in L2(M) for
all t > 0,
• for any t > 0, u(t, ·) ∈ dom(∆) and
∂
∂t
u = −∆u,
where ∂∂tu is the strong derivative of u in L
2(M),
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• u(t, ·)→ f as t→ 0 in L2(M) for any f ∈ L2(M).
The Dirichlet-Laplacian is selfadjoint. Therefore, we can apply
the functional calculus to solve the heat equation in L2(M). For
t ≥ 0 let
ψt : [0,∞)→ R, λ 7→ e−λt
and define for any t ≥ 0 the operator
e−t∆ :=
Z
R
ψt(λ)dEλ : L2(M)→ L2(M),
where (Eλ)λ≥0 is the spectral resolution of ∆.
Denition 3.3. The heat semigroup on L2(M) is given by the family
(Pt)t≥0 with
Pt := e−t∆, t ≥ 0.
Details about functional calculus can be found in any standard
textbook about Hilbert space theory, e.g., [Wer00]. The theo-
rem below, which is [Gri09, Theorem 4.9], shows that the family
(Pt)t≥0 provides the unique solution to (3.2). In the following, we
denote by ‖ · ‖p,q the operator norm from Lp(M) to Lq(M).
Theorem 3.4. The heat semigroup (Pt)t≥0 on L2(M) has the following
properties:
(i) For every t ≥ 0 the operator Pt is selfadjoint and
‖Pt‖2,2 ≤ 1.
(ii) (Pt)t≥0 satisfies the Chapman-Kolmogorov indentity, i. e., for all
s, t ≥ 0 we have
PtPs = Pt+s.
(iii) (Pt)t≥0 is strongly continuous.
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(iv) For all f ∈ L2(M) and t > 0 we have Pt f ∈ dom∆ and
d
dt
Pt f = −∆ (Pt f ) .
(v) Pt f → f as t→ 0 in L2(M) for any f ∈ L2(M).
A finer analysis shows that the heat semigroup is an integral
operator and is represented by an integral kernel, which is the
object of interest in this thesis.
Theorem 3.5. On every Riemannian manifold M there exists a smooth
positive function p ∈ C∞((0,∞)×M×M) with the following prop-
erties:
(i) p is symmetric in the space variables, i.e.,
p(t, x, y) = p(t, y, x) ∀t > 0, x, y ∈ M.
(ii) For every f ∈ L2(M) and all t > 0 we have∫
M
p(t, ·, y) f (y)dvol(y) ∈ Pt f .
(iii) We have p ≥ 0 on (0,∞)×M×M and for all x ∈ M and t > 0∫
M
p(t, x, y)dvol(y) ≤ 1.
(iv) p fulfills the semigroup property, i.e., for all x, y ∈ M and t, s > 0
we have
p(t + s, x, y) =
∫
M
p(t, x, z)p(s, z, y)dvol(z).
(v) For any y ∈ M the function
u : M× (0,∞)→ R, (t, x)→ p(t, x, y)
is smooth and solves the heat equation.
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(vi) For any f ∈ C∞c (M) we have∫
M
p(t, x, y) f (y)dvol(y)→ f (x) for t→ 0,
where the convergence is in C∞(M).
Compare the above theorem to, e.g., [Gri09, Theorem 7.13]. In
general, the kernel constructed above is not unique. Under all
the possible choices for a kernel, there is a unique function which
is the minimal fundamental solution of the heat equation, i.e.,
a smooth function p ∈ C∞((0,∞)×M×M) as in Theorem 3.5
satisfying for any x ∈ M{
∂
∂t p(t, x, y) = −∆p(t, x, y) ∀ (t, y) ∈ (0,∞)×M,
p(t, x, ·)→ δx, t→ 0 in D′(M),
(3.3)
where δy denotes the Delta-Distribution.
Definition 3.6. The minimal fundamental solution p of the heat
equation is called the heat kernel of the Riemannian manifold M.
We usually abbreviate
pt(·, ·) := p(t, ·, ·)
for all t > 0.
Theorem 3.4 has shown that the heat operators are bounded
in L2(M), what can be seen from the definition. Using the heat
kernel, one can show that the heat semigroup can be extended to
a bounded operator in Lp(M) for any p ∈ [1,∞]. Hence, we can
ask for mapping properties of the semigroup between different
Lp-spaces. Due to this, we define the following notion.
Definition 3.7. Let 1 ≤ p ≤ q ≤ ∞ and t0 > 0. We say that (Pt)t≥0
is (p, q)-ultracontractive on (0, t0] if there exists a continuous func-
tion θ : (0, t0]→ (0,∞) such that for all f ∈ Lp(M) ∩ L2(M) and
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t ∈ (0, t0], we have Pt f ∈ L2(M) and
‖Pt‖p,q ≤ θ(t).
In this case, θ is called the rate function of ultracontractivity.
Our main focus will be studying (1, 2)-ultracontractivity for
some rate function on some interval, which is equivalent to the
heat semigroup’s (2,∞)-ultracontractivity. By interpolation, this
mapping property provides almost all interesting information
about the behavior of solutions to the Cauchy-problem.
Remark 3.8. Note that there is a characterization for the resolvent
(∆+ α)−1, α > 0, of the Laplace-Beltrami operator in terms of the
heat semigroup, [Gri09, Lemma 5.10]. Using this result, all the
properties of the heat semigroup carry over to the resolvent.
It turns out that there are even sufficient analytic conditions for
(1,∞)-ultracontractivity depending on the underlying geometry
of the manifold.
Definition 3.9. Let M be a Riemannian manifold of dimension
n ≥ 3.
(i) M possesses a Sobolev inequality (of dimension p), p ≥ n, if
there is a constant CS > 0 such that for all f ∈ C∞c (M) we
have
‖ f ‖ p
p−2
≤ CS‖∇ f ‖1. (3.4)
(ii) M possesses a Nash inequality (of dimension p), p ≥ n, if there
is a constant CN > 0 such that for all f ∈ C∞c (M) we have
‖ f ‖2(1+2/p)2 ≤ CN‖∇ f ‖22‖ f ‖2/p1 . (3.5)
The Sobolev inequality implies the Nash inequality of the same
dimension and with CS = CN, see [Cou03, Theorem 1.1], and the
Nash inequality directly implies (1,∞)-ultracontractivity, cf., e.g.,
[SC02, Theorem 4.1.1].
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Theorem 3.10. Assume that M possesses a Nash inequality of dimen-
sion p ≥ n ≥ 3 and constant CN > 0. Then, the heat semigroup is
(1,∞)-ultracontractive on (0,∞) with rate function
θ(t) =
(
CN p
t
)p/2
, t > 0.
In particular, we get ultracontractivity estimates if M possesses
a Sobolev inequality on the positive half line. It is well known
that Sobolev inequalities depend on the underlying geometry of
the manifold, like global assumptions on the Ricci curvature, see
[Heb96]. A special case of a manifold where a global Sobolev
inequality fails is a manifold with a so-called bottle neck. Well
known is the connected sum of two spheres, which can be con-
structed by gluing together two spheres with a thin cylinder.
Ultracontractivity of the heat semigroup for small times can still
be established by using local techniques. An important obser-
vation is the connection between ultracontractivity and upper
bounds for the heat kernel, which can be found in, e.g., [Gri09,
Theorem 14.4].
Theorem 3.11. The heat semigroup is (1, 2)-ultracontractive on (0, t0]
with rate function θ if and only if the heat kernel satisfies the estimate
p2t(x, x) ≤ θ2(t) ∀ x ∈ M, t ∈ (0, t0/2].
The theorem above shows that for obtaining ultracontractiv-
ity, it is neccessary to derive upper bounds for the heat kernel
independent of x ∈ M. In general, such independence can not
be guaranteed. To control the behavior of the heat kernel, we
introduce the following notion. The heat kernel of M has a
Gaussian upper bound if, for some t0 > 0, there are a continuous
function C : M→ (0,∞) and an increasing continuous function
γ : (0, t0]→ (0,∞) such that an on-diagonal upper bound of the
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heat kernel of the form
pt(x, x) ≤ C(x)
γ(t)
, ∀ x ∈ M, t ∈ (0, t0], (3.6)
holds. If there is a constant C˜ such that C(x) ≤ C˜ for all x ∈
M, we call the bound uniform. Obviously, a Gaussian upper
bound need not be unique and different methods lead to different
Gaussian upper bounds. In particular, local methods will yield
worse estimates than global ones.
Remark 3.12. (i) Note that the notion “Gaussian“ actually bases
on the Gaussian factor
g : M×M× (0,∞), (x, y, t) 7→ exp
(
−cd(x, y)
2
t
)
,
appearing in off-diagonal bounds for the heat kernel. Any
bound of the form (3.6) can be improved to an off-diagonal
estimate involving the function g under mild assumptions
on γ, cf. [Gri09, Corollary 15.17], what justifies the slightly
more general definition.
(ii) A natural question is whether there are also Gaussian lower
bounds for the heat kernel. It turns out that Gaussian upper
bounds yield also off-diagonal bounds for the heat kernel,
and that under several geometric assumptions, such up-
per bounds imply lower bounds. That a heat kernel sat-
isfies upper and lower bounds is a property that is often
called Li-Yau estimate for the heat kernel. Such estimates
are equivalent to local volume doubling and local Poincaré
inequalities. For a comprehensive study of lower bounds
depending on local analytic properties, see [SC02].
Apart from the introduction of Gaussian upper bounds above,
we want to mention another important property of the heat semi-
group which is not neccessarily satisfied. Theorem 3.5(iii) showed
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that the semigroup does not increase constant functions. A spe-
cial condition is now that the heat semigroup does not change
constant functions at all.
Definition 3.13. Let (Pt)t≥0 denote the heat semigroup of the
manifold M and 1 the constant function 1 : M→ R, x 7→ 1. If
Pt1 = 1, ∀ t > 0,
we call the heat semigroup and the heat kernel stochastic and the
underlying manifold stochastically complete.
Stochastic completeness is given, for instance, if the mani-
fold has a global volume doubling property or Ricci curvature
bounded from below. Therefore, we interpret a stochastic heat
semigroup as a geometric condition. Actually, the term bases
on the associated stochastic process which is the Brownian mo-
tion on the manifold. If M is not stochastically complete, the
process will escape from every compact subset in finite time.
This explains also why compact manifolds must be stochastically
complete.
3.4 Kato-type perturbations of the heat semigroup
It is well known that the Laplace-Beltrami operator on a com-
plete Riemannian manifold without boundary generates a regular
Dirichlet form. Therefore, all the general concepts about those
special bilinear forms apply in this case. Here we discuss proper-
ties of solutions of the heat equation with absorption
 ¶
¶t + ∆+V

u = u
for suitable measurable functions, or potentials, V : M→ R . Such
solutions are given by the evolution of the initial function un-
der the corresponding flow, which is nothing but the perturbed
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heat semigroup under absorption. We will consider so-called
Kato-class perturbations, following [SV96, Voi77]. Such perturba-
tions are controlled by the unperturbed semigroup itself. In the
following, we denote by (H + α)−1 the resolvent evaluated at
α < inf(σ(H)) for a lower semibounded operator H in L2(M).
Furthermore, we let a ∧ b = min(a, b).
Definition 3.14. Let M be a Riemannian manifold. A measurable
function V : M→ [0,∞] is called a Kato potential or is in the Kato
class if one of the two equivalent conditions below is satisfied.
(i) There exists a constant α > 0 such that
cKato(V, α) := sup
n∈N
‖(∆+ α)−1(V ∧ n)‖∞ < 1.
(ii) There exists a constant β > 0 such that
bKato(V, β) := sup
n∈N
∫ β
0
‖Pt(V ∧ n)‖∞dt < 1.
Remark 3.15. We use the term Kato class for potentials which are
actually extended Kato class potentials in the sense of [SV96]. As
explained in [RS16], the extended Kato class consists of those
measurable functions V ≥ 0 for which cKato(V, α) < 1 for α
large enough, while the Kato class consists of those V, for which
cKato(V, α)→ 0 as α→ ∞.
It follows from Remark 3.8, that for bounded V, we can apply
the resolvent and the heat semigroup, so that in the definitions
above the truncation procedure ensures that the norms are de-
fined. As already mentioned in the defintion above, for V ≥ 0
and β, α > 0, cKato(V, α) and bKato(V, β) are equivalent; in fact,
the following bounds are proven in [Gün14]:
(1− e−αβ)cKato(V, α) ≤ bKato(V, β) ≤ eαβcKato(V, α), (3.7)
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meaning that the behavior of bKato(V, β) for β → 0 controls the
behavior of cKato(V, α) as α → ∞ and vice versa. Later, we will
see the usefulness of the distinction between those two constants.
It is worth mentioning that the concepts illustrated here carry
over to a large class of measure perturbations.
One of the main topics in perturbation theory is finding assump-
tions under which functions are relatively bounded with respect
to the generator of the considered Dirichlet form. It turned out
that this is true for functions being Kato-class.
Proposition 3.16 ([SV96, Theorem 2.1]). For 0 ≤ V ∈ L∞(M) and
α > 0 we have
V ≤ cKato(V, α)(∆+ α)
in the sense of quadratic forms.
The result above can also be found implicitly in [Sim82, p. 459,
(2)], as a special case of the above proposition. However, assum-
ing that cKato(V, α) is smaller than one implies the semibounded-
ness of the form sum associated to ∆−V. In particular, the lower
bound for the form sum and in turn for its associated operator
is −α · cKato(V, α). The general perturbation theory then implies
that the associated semigroups act on Lp(M) as strongly contin-
uous semigroups for p ∈ [1,∞). Furthermore, the proposition
below yields that ultracontractivity is stable under perturbation
by a Kato-potential.
Proposition 3.17 ([SV96, Therorem 5.1]). Let 0 ≤ V ∈ L∞(M) and
α > 0 such that cKato(V, α) < 1.
(i) Assume that (Pt)t≥0 on M is (1,∞)-ultracontractive on (0,∞).
Then the semigroup generated by ∆ − V is continuous from
Lp(M) to Lq(M), for all t > 0 and 1 ≤ p ≤ q ≤ ∞.
38
3.4 Kato-type perturbations of the heat semigroup
(ii) Assume more specifically that there are constants C, δ > 0 such
that for 1 ≤ p ≤ q ≤ ∞, (Pt)t≥0 is (p, q)-ultracontractive on
(0, t0] with rate function
θ(t) = C t−
δ
2(
1
p− 1q). (3.8)
Then there is a constant C′ > 0 such that
‖e−t(∆−V)‖p,q ≤ C′θ(t), ∀ t ∈ (0, t0].
Remark 3.18. (i) The proposition above gives a qualitative state-
ment only. Later, we will restate and prove it quantitatively.
(ii) The quantity δ occuring in Theorem 3.17 (ii) is known as
the (local) dimension of the heat semigroup (Pt)t≥0. If the
heat semigroup is ultracontractive on the positive half line
with a rate function of the form (3.8) and local dimension
δ, then the converse of Theorem 3.10 holds, too, and the
dimension of the Nash inequality is δ. Consequently, Nash
and Sobolev inequalities coincide with ultracontractivity.
(iii) The Kato class was introduced in [Kat72] for the Laplacian
in Rn and studied more intensively in [AS82, Sim82]. In
contrast to our definition of the Kato class, the original
condition is phrased in terms of truncated Greens kernels.
The equivalence of the different notions has been shown in
[Voi86].
(iv) As explained in [RS16], in [SV96], the Kato class has been
extended to measures in a framework, where the Laplacian
is generalized to the generator H of a regular Dirichlet form.
Here the extended Kato class consists of those functions
(respectively measures) µ for which cKato(µ, α) < 1 for α
large enough. It is shown that many important properties
carry over from H to the operator defined by the form sum
H − µ, especially mapping properties of the semigroup.
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3.5 Semigroup domination for the Bochner
Laplacian
Since the Bochner and Hodge Laplacians defined on the space
of smooth sections of a vector bundle over a manifold define
non-negative operators, we can extend them to non-negative
self-adjoint operators acting on the L2-completion of the smooth
sections of the underlying vector bundle. Unfortunately, those
self-adjoint extensions do not generate Dirichlet forms anymore,
such that the perturbation theory explained above is not applica-
ble anymore to control the behavior of the associated semigroups.
However, the semigroup associated to the Bochner Laplacian
can be related to the heat semigroup. The Weitzenböck for-
mula then implies bounds on the semigroup associated to the
Hodge Laplacians. In the following, we describe the neccessary
constructions briefly. Let M be a complete Riemannian mani-
fold of dimension n and k ∈ {1, . . . , n}. By construction, the
Bochner Laplacian ∇∗∇ on Ωkc(M) is non-negative and sym-
metric. It extends to a self-adjoint non-negative operator ∆B in
L2(Ωkc(M)), which is nothing but its Friedrichs realization, see,
e.g., [Ban14, Gün14, Gün16, HSU80] and the references therein.
The functional calculus can be applied as in the case of the
Laplace-Beltrami operator. More specifically, we can define
e−t∆B : L2(Ωkc(M))→ L2(Ωkc(M))
for any t ≥ 0 by the spectral theorem for self-adjoint operators,
generating the semigroup (e−t∆B)t≥0 associated to the Bochner
Laplacian.
Theorem 3.19 ([HSU80, HSU77]). For all k ∈ {1, . . . , n} and all
ω ∈ L2(Ωkc(M)), we have
|e−t∆Bω|(x) ≤ e−t∆|ω|(x), ∀ x ∈ M, (3.9)
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where the norms are taken fiberwise.
Remark 3.20. Hess, Schrader, and Uhlenbrock proved in [HSU80]
that the result above is valid on compact manifolds and already
mentioned that, under suitable conditions, it is also possible to
extend it to the non-compact case. This was done, e.g., in [Gün16],
see also the references therein. Here, we are only interested in
the compact case and continuous perturbations.
Assume now that we have a strict vector bundle endomor-
phism
V : Γ(E)→ Γ(E)
which is symmetric on every fiber such that ∆B + V is semi-
bounded from below on Ωkc(M) in form sense. Additionally, for
x ∈ M, let
v(x) := inf σ(Vx),
where, as usual, σ(V) denotes the spectrum of V, such that ∆+ v
is semibounded from below in L2(M) in form sense. Interpreting
the potential V : Γ(E)→ Γ(E) as the Ricci tensor Ric mapping as
an endomorphism on the cotangent spaces, i.e.,
V(x) = Ricx and v(x) = ρ(x) := inf σ(Ricx)
and the Weitzenböck decomposition for one-forms yield the the-
orem below.
Theorem 3.21 ([HSU80]). Let M be compact. For any ω ∈ Ω1(M),
we have
|e−t∆1ω|(x) ≤ e−t(∆+ρ)|ω|(x), x ∈ M,
where the norm is taken fiberwise.
Remark 3.22. (i) There is also an extension to non-compact man-
ifolds of Theorem 3.21 under suitable conditions of the cur-
vature tensor, see [Gün16] and the references therein.
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(ii) Note that the result above carries over to the Hodge-Laplacian
for any k ∈ {1, . . . , n} if one assumes suitable conditions
on the curvature term in the Weitzenböck decomposition.
Of course, the assumptions on the Riemannian curvature
tensor have to be much stronger for k ∈ {2, . . . , n} than for
k = 1.
It is well known that the semigroup of the Bochner Laplacian
also admits an integral kernel
e−t∆B(x, y) : TyM→ Tx M,
mapping from the fiber TyM at y ∈ M to the fiber Tx M at the
point x ∈ M. An accessible proof can be found in [Gün16].
Furthermore, [Gil95] provides that on a compact manifold, we
have
Tr e−t∆B =
∫
Tr e−t∆B(x, x)dvol,
where the trace on the left is the trace in L2(M) and the trace on
the right-hand side denotes the trace on the fiber.
Theorem 3.23 ([HSU80]). Let M be a compact manifold of dimension
n. Then, for the Hodge-Laplacian ∆1 on one-forms we have
Tr e−t∆
1 ≤ n Tr e−t(∆+ρ).
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Isoperimetry and
Gaussian upper bounds
Isoperimetry always played a significant role in Riemannian ge-
ometry. Defined as a global quantity for compact manifolds, it
leads to the control of certain invariants of the manifold consid-
ered, such as the first non-vanishing eigenvalue of the Dirichlet
Laplacian and ultracontractivity of the heat semigroup. In a
precompact region, isoperimetry yields lower bounds for the
Dirichlet eigenvalues of the Laplacian and in turn Gaussian up-
per bounds for the heat kernel. Under suitable assumptions on
the Ricci curvature, the isoperimetric constant can be bounded
from below by a positive constant. After introducing the isoperi-
metric constants for certain domains, we briefly explain their
relations to the first non-vanishing eigenvalue of the Dirich-
let Laplacian. Then, we summarize existing results on Gaus-
sian upper bounds for heat kernels under various geometric
assumptions. The techniques used to develop Gaussian bounds
in the compact case differ a lot from the techniques used in this
thesis and are based on symmetrisation techniques using the
isoperimetric profile of a manifold. The reader should consult
[Cha01, B8´8, Bes04, Gal88b, Gal88a, BG84] and the references
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therein for details. We concentrate on the local versions and in-
troduce the relative Faber-Krahn inequalities as in [Gri09]. Close
to the discussion in the latter book is [SC02]. Using those relative
Faber-Krahn estimates, we develop heat kernel upper bounds
under locally uniform Ricci curvature integral bounds as it was
first presented in [Ros16a].
4.1 Isoperimetric constants
Let M be a Riemannian manifold of dimension n and N ⊂ M
a smooth submanifold of co-dimension one. We say that an
open set U ⊂ M has smooth boundary if the boundary of U is a
smooth submanifold. The measure dvol on M naturally induces
a measure A on N, called the area measure on N.
Definition 4.1. Let M be a Riemannian manifold of dimension n
and U ⊂ M open. For p ∈ [n,∞), we define the p-isoperimetric
constant of U by
Ip(U) := inf
A(∂Ω)
Vol(Ω)
p−1
p
, (4.1)
and for p = ∞ the Cheeger-isoperimetric constant
I∞(U) := inf
A(∂Ω)
Vol(Ω)
, (4.2)
where in both cases, the infimum is taken over all relatively
compact sets Ω ⊂ U with smooth boundary.
As explained in [Cha01], if M is a compact manifold, one can
choose a sequence (εn)n∈N with εn > 0 for all n ∈ N such that the
sequence M \ B(x, εn) for some x ∈ M is a minimizing sequence
for the isoperimetric and Cheeger constants above. But, unfortu-
nately, this sequence shows that the isoperimetric constants are
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zero. To avoid the possibility of such sequences in the compact
case we deal with a modified global isopermetric constant.
Definition 4.2. Let M be a compact manifold of dimension n and
p ∈ [n,∞). Define the p-isoperimetric constant of M by
Icp(M) := inf
A(∂Ω)
min{Vol(Ω), Vol(M \Ω)} p−1p
,
and for p = ∞ the Cheeger-isoperimetric constant by
Ic∞(M) := inf
A(∂Ω)
min{Vol(Ω), Vol(M \Ω)} ,
where in both cases, the infimum is taken over all relatively
compact sets Ω ⊂ M with smooth boundary.
In [Gro07], Gromov proved an isoperimetric inequality for
compact manifolds with Ricci curvature bounded from below
by the dimension based on ideas from [Lév51] and the Heintze-
Karcher comparison, see [HK78]. Later, Besson, Berárd, and
Gallot showed in [BBG85] that Gromov’s result can be extended
to arbitrary Ricci curvature lower bounds if one assumes bounds
on the diameter by the same techniques and a finer analysis
of the involved quantities. In particular, they derive explicit
constants depending on the occurring parameters. Gallot proves
an isoperimetric inequality in terms of the control of certain Lp-
means of the negative part of Ricci curvature, which was the first
generalization to variable Ricci curvature bounds of the results
listed above.
Theorem 4.3 ([Gal88b, Theorem 3]). Let D,λ > 0, and p > n ≥ 3.
For any compact Riemannian manifold M with of dimension n with
diam M ≤ D and Ricci curvature satisfying
1
Vol(M)
∫ (
ρ−
n− 1 − λ
2
) p
2
+
dvol ≤ 1
2
(
λp
eλB(p,n)D − 1
)
, (4.3)
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we have
Icp(M) ≥ Vol(M)
1
pγ(λ, p, D, n),
where
γ(λ, p, D, n) = B(p, n)λ inf
{
2−1/(p−1),
1
4
1
eλB(p,n)D − 1
}
,
B(p, n) =
(
2(p− 1)
p
) 1
2
(n− 1)1−1/p
(
p− 2
p− n
) 1
2− 1p
,
Note that since M is compact, condition (4.3) will be satisfied
for λ large enough. In particular, if λ is a lower bound for the
Ricci curvature, the assumption is satisfied anyway. The proof
is based on the same idea as used in [Gro07, BBG85]. Since M
is assumed to be compact, [Fed69, Alm76] ensure the existence
of a current which minimizes the isoperimetric quotient and is
generated by an almost regular hypersurface, see also [Mor16]
for an overview about geometric measure theory. An analysis
of the tubular neighborhood of this hypersurface completes the
proof.
The theorems above give only global isoperimetric estimates for
compact manifolds. Indeed, it is also possible to prove local
isoperimetric inequalities in a complete non-compact manifold
M. For x ∈ M and r > 0, we say that a smooth hypersurface
divides B(x, r) if the closure Γ¯ of Γ is embedded in the closure
B¯(x, r) of B(x, r) and there are two connected components D1,
D2, such that B(x, r) \ Γ = D1 ∪ D2.
Theorem 4.4 (Buser,[Bus82, Lemma 5.1]). Let be K ≥ 0, M a
complete Riemannian manifold of dimension n with Ricci curvature
bounded from below by −K, and x ∈ M. For any r > 0, there is a
positive constant c > 0 such that for a dividing smooth hypersurface Γ
in B(x, r) we have
A(Γ) ≥ c min{Vol(D1), Vol(D2)},
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where D1, D2, are the connected components in B(x, r) as explained
above. In particular, we have
c = r−1c(n)−
√
Kr
with a constant c(n) depending on n only, and
I∞(B(x, r)) ≥ c.
Remark 4.5. Actually, Buser’s inequality can be proved for a star-
shaped domain such that its boundary lies in an annulus.
Closely related is a theorem by Grigoryan in [Gri99], where the
author proved lower bounds for local n-isoperimetric constants.
Theorem 4.6 (cf. [Gri99, Theorem 7.15]). Let M be a geodesically
complete, non-compact manifold of dimension n with non-negative
Ricci curvature. Then, for any ball B(x, r) ⊂ M we have
In(B(x, r)) ≥ cr Vol(B(x, r))
1
n ,
where c = c(n) > 0.
The main steps of the proof consist of a packing argument
and an application of Buser’s estimate. Additionally, one has
to control the volume of a ball of a certain radius by the ball of
another radius from above and from below. The upper bound
was already developed in [CGT82], where the authors proved
their famous volume comparison estimate. The second has to
be done by a finer analysis. The corresponding properties are
called doubling and reverse doubling and are properties which can
be regarded as a generalisation of a bounded injectivity radius.
Proposition 4.7 ([Gri99, Lemma 7.16]). Let M be a complete, non-
compact manifold of dimension n with non-negative Ricci curvature.
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There are constants C1, C2, η > 0 with the following properties: if
x, y ∈ M, r ≥ s > 0, and B(x, s) ∩ B(y, r) 6= ∅, then
C1
(s
r
)η ≤ Vol(B(x, s))
Vol(B(y, r))
≤ C2
(s
r
)n
.
It is clear that such estimates cannot hold in general under all
possible curvature assumptions, e. g., under the assumption that
the sectional curvature is non-positive. In particular, it cannot
hold globally for integral Ricci curvature bounds for non-compact
manifolds. Nevertheless, a local version is true, what will be
shown in Section 4.3.
There also have been attempts to deal with local integral curva-
ture bounds. Yang proved in [Yan92] local isoperimetric inequal-
ities assuming an integral bound on the negative part of Ricci
curvature and a non-collapsing condition on the volumes of balls.
Since the formulation is quite complicated, we give a simplified
statement.
Theorem 4.8 ([Yan92, Theorem 7.4]). Let M be a Riemannian mani-
fold of dimension n, p > n/2, r > 0, and assume that
v := inf
x∈M
Vol(B(x, r)) > 0.
There exists an explicitly computable constant ε = ε(r, v, p, n) > 0
such that if ∫
B(x,4r)
ρ
p
− dvol < ε,
then there is an explicit c = c(r, v, p, n, ε) > 0 such that
In(B(x, r)) ≥ c.
The proof consists of bounding the volume of a geodesic cone
appropriatly from above and from below depending on the cur-
vature assumptions. Therefore, one needs a much deeper result
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about isoperimetric inequalities. Yang uses an inequality which
depends directly on the behavior of geodesics. More precisely,
denote by pi : S(U ) ! U be the unit tangent bundle of U  M ,
µp the measure on pi   1(p) and F t : S(M ) ! S(M ) the geodesic
ow on S(M ), that is, F tv = γ0v(t), where γv(t) is the minimal
geodesic corresponding to v 2 S(M ) and t 2 R . Additionally, for
any k 2 N , we denote by ck the volume of the k-sphere Sk  Rk+ 1.
Consider a domain U  M , that is connected, relatively compact
in M , and with non-empty smooth boundary. For any v 2 S(U )
we let
τ(v) := supf τ > 0 j γv(t) 2 U 8 t 2 (0, τ]g,
where c(v) is the distance to the cut locus of γv(0) along γv.
Furthermore, we let
U(U ) := f v 2 S(U ) j c(v) = τ(v)g, Up := pi j   1U(U ) (p),
and
ωUp :=
µp(Up)
cn   1
, ωU = infp2U
ωUp .
Remark4.9. ωU is often called the visibility angleof U .
Theorem 4.10 ([Cro80, Theorem 11]). Let M be a connected compact
Riemannian manifold of dimensionn with smooth boundary. Then, we
have
In(M )  c˜ω1+
1
n
M ,
where
c˜ =
cn   1
(cn/2) n   1n
.
The theorem above can also be found in, e.g., [Cha84, Theo-
rem V.3.5].
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Remark 4.11. The visibility angle was already used in [CGT82] to
derive local Sobolev constant estimates under the assumption
that the Ricci curvature is bounded from below.
To bound the visibility angle in Theorem 4.10, Yang established
the following estimate. Let x ∈ M and denote by Sx ⊂ Tx M the
unit sphere in the tangent space at x. Given a subset Sˆ ⊂ Sx and
ρ > 0, let
Γ(Sˆ, ρ) := {y = expx rθ | 0 ≤ r < ρ, θ ∈ Sˆ, d(x, y) = r}
be the geodesic cone with base point x and length ρ.
Proposition 4.12 ([Yan92, Theorem 7.1]). Let M be a Riemannian
manifold, x ∈ M, Sˆ ⊂ Sx, p > n/2, τ > 0. Define δ = 2p−n2p−1 ,
ωˆ = Vol(Sˆ),
k :=
∫
Γ(Sˆ,ρ)
ρ
p
−, and r0 :=
τ1/δ
1+ τ
(h(n, p)−1ωˆk−1)1/(2p−n).
Then, for every 0 ≤ r ≤ ρ,
Vol(Γ(Sˆ, r))≤
{
(1+ τ)n−1ωˆn−1rn : 0 ≤ r ≤ r0,
c(n, p, τ)k((1− δ)r + δr0)2p : r ≥ r0.
(4.4)
Here,
h(n, p) := (2− 1/p)p
(
p− 1
2p− n
)p−1
and
c(n, p, τ) := (1+ τ−1)2p−1
2p− 1
2p(n− 1)h(n, p).
The strategy of the proof is adapted to the proof of Gallot’s
isoperimetric inequality by controlling the volume element by
integral curvature bounds. Additionally, it actually requires k > 0
because it appears in the denominator of r0. In the case k = 0
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the volume bound of the geodesic cone follows directly from
the Bishop-Gromov inequality for the volume elements, [Cha84,
CGT82]. Later, we will see that the Proposition above can be used
to get a generalized statement of Yang’s isoperimetric inequality.
4.2 Isoperimetry implies Gaussian upper bounds
In the last section we explained that there exists a fundamental
difference between isoperimetry in the compact and the non-
compact case. We already discussed earlier that the first eigen-
value of the Dirichlet-Laplacian on a compact manifold is zero be-
cause constant functions are eigenfunctions. This is also reflected
by the following result which connects the first non-negative
eigenvalue of a set with its isoperimetric constant.
Theorem 4.13 (Cheeger). Let M be a Riemannian manifold of dimen-
sion n and p ∈ [n,∞].
(i) Let U ⊂ M be open and relatively compact. Then, we have
λ(U) ≥ Ip(U)2/4.
(ii) Let M be compact and, as in Theorem 3.2, denote by λ1 the first
non-zero eigenvalue of M. Then, we have
λ1 ≥ Icp(M)2/4.
To prove this theorem one only needs to combine the so-called
coarea formula and Sard’s theorem. Again, for compact M, the
estimate for the lowest eigenvalue is true but rather useless. How-
ever, in this case we can connect the first non-zero eigenvalue to
the modified isoperimetric constant.
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Remark 4.14.
1. Cheeger proved in [Che70] the theorem for the Cheeger-
isoperimetric constant on compact manifolds, but the modi-
fication to relatively compact subsets and any of our isoperi-
metric and Cheeger constants is for free. Actually, one
can prove the result for any so-called isoperimetric profile
very easily using the same techniques, see, e.g., [Oss80] or
[Gri99].
2. The Cheeger-isoperimetric constant is actually defined for
hypersurfaces in an open subset of a Riemannian manifold
dividing it into two parts.
3. Buser proved in [Bus82] that the first non-zero eigenvalue
of a compact manifold with Ricci curvature bounded from
below is heuristically nothing else than the isoperimetric
inequality. More precisely, he proved the estimate
Ic∞(M)
2/4 ≤ λ1 ≤ c(Ic∞(M) + Ic∞(M)2)
for some explicit constant c > 0 depending on the dimen-
sion and the lower bound for the Ricci curvature. It would
be interesting whether such an estimate holds under in-
tegral curvature assumptions, too. A possible approach
to this problem could be given by Ledoux’s technique in
[Led94].
As in the investigations of the lower bounds for the isoperimet-
ric constants and eigenvalue estimates, the techniques to derive
Gaussian upper bounds for the heat kernel depend heavily on
whether the manifold is compact or not. Heuristically, this relies
on the fact that zero is an eigenvalue of the Dirichlet-Laplacian of
a compact manifold. Moreover, the compactness encodes some
kind of symmetry in the isoperimetric profile. Therefore, several
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authors used the symmetrisation technique to develop heat ker-
nel estimates under several curvature assumptions. That means
that they compared the heat kernel with the heat kernel of a sur-
face of revolution, where the estimates depend only on the dis-
tance to the pole of the surface. Since there is a kind of an isoperi-
metric inequality on such surfaces, it is possible to compare the
isoperimetric profiles. For details, see [BG84, B8´8, Bes04, Ban80].
Even if any isoperimetric inequality on compact manifolds dis-
cussed above leads to a particular Gaussian upper bound, we
want to mention only a special case here, which is the heat kernel
estimate resulting from Gallot’s isoperimetric inequality by a
symmetrization procedure. Recall that the function ρ maps any
point to the smallest eigenvalue of the Ricci tensor, and that for a
function f : M→ R , f+ ≥ 0 and f− ≥ 0 denote the positive and
negative part of f , respectively.
Theorem 4.15 ([Gal88b, Theorem 6]). Let D,λ > 0, and assume
p > n ≥ 3. For any compact Riemannian manifold M of dimension n
with diam M ≤ D, and Ricci curvature satisfying
1
Vol(M)
Z 
ρ−
n− 1 − λ
2

p
2
+
dvol ≤ 1
2

λp
eλB( p,n)D − 1

, (4.5)
the heat kernel pt(x, y) can be bounded from above by
pt(x, y) ≤ 1 + K
′( p)γ(λ, p, D, n)−p/2
Vol(M) t
−p/2, 0 < t ≤ 1,
where B( p, n) and γ(λ, p, D, n) are as in Theorem 4.3 and an explic-
itly computable K′( p) depending on p only.
For the explicit construction of the comparison space, the
reader can consult [Gal88a]. The curvature quantity on the left-
hand side of (4.5) measures the amount of the Ricci curvature
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going below the level λ2(n− 1). The above theorem is part of The-
orem 6, p. 203 in the above mentioned article by Gallot. Actually,
it is stated that
Vol(M)pt(x, y) ≤ p∗(γ(λ, p, D, n)t) ∀ x, y ∈ M, t ∈ (0, 1],
where p∗ is the heat kernel of the comparison space and
p∗(t) ≤ 1+ (C(p)t)−p/2, t > 0,
and that the constant C(p) involves Bessel functions and their
zeroes, which in turn yields the constant K′(p).
Now, let M be non-compact. Again, [Gri99] provides plenty of
examples where Gaussian upper bounds hold, such as manifolds
of bounded geometry, Cartan-Hadamard manifolds, or covering
manifolds. The last section already named a special type of man-
ifolds where isoperimetric inequalities hold for any ball which
scale with the radius of the ball itself, see Theorem 4.6. This leads
to the statement below, cf., e.g., [Gri99, Theorems 7.15, 5.9, 6.13],
and was first proven in [LY86] with another technique discussed
in the next section.
Theorem 4.16. Let M be a geodesically complete, non-compact, n-
dimensional Riemannian manifold with heat kernel p. If the Ricci
curvature of M is non-negative, there exists a constant C > 0 such that
for any D > 2, we have ∀ t > 0, x, y ∈ M,
pt(x, y) ≤ C√
Vol(B(x,
√
t))Vol(B(y,
√
t))
exp
(
−d(x, y)
2
2Dt
)
.
The theorem above can be proven by using Theroem 4.6 and
the following deep result which is a non-trivial modification of
the Moser iteration procedure. The assumption used there is
called relative Faber-Krahn inequality.
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Theorem 4.17 ([Gri94, Theorem 5.2]). Let M be a Riemannian man-
ifold of dimension n and (B(xi, ri))i∈I ⊂ M a family of relatively
compact balls in M, where I is an arbitrary index set. Assume that, for
any i ∈ I, the Faber-Krahn inequality
λ(U) ≥ ai Vol(U)−2/n
holds for any open set U ⊂ B(xi, ri), where ai > 0 depends only on
B(xi, ri). Define Ω =
⋃
i∈I B(xi, ri). There exists a dimension constant
C = C(n) > 0 such that for all x, y ∈ Ω, and t > 0
pt(x, y) ≤ C
(
1+ d(x,y)
2
t
aiaj min(t, r2i )min(t, r
2
j )
)n/2
,
if x ∈ B(xi, ri) and y ∈ B(xj, rj). The constant C can be estimated by
C ≤ 10e2 4
n+3
4n+2− 1.
The proof can be found, e.g., in [Gri09, Theorem 15.14]. Com-
pare also to [Car96]. The eigenvalue estimates for the balls lead
to mean value inequalities for solutions of the heat equation and
therefore also for the heat kernel, which imply Gaussian upper
bounds. One could also interpret those relative Faber-Krahn
inequalities as local Sobolev constant estimates and use a simi-
lar approach as in [SC02], which was independently developed.
Note that the exponent of the volume in the lower bound of the
eigenvalues can be replaced by any other positive constant. This
only changes the local dimension of the heat kernel.
The theorem above can be used to construct a criterion for global
Gaussian upper bounds depending on local data. In fact, the
Faber-Krahn inequalities can be obtained as soon as there is a lo-
cal isoperimetric inequality. Additionally, uniform control about
the Faber-Krahn constants yield uniform Gaussian upper bounds.
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Corollary 4.18. Let M be a Riemannian manifold of dimension n,
r > 0, and (B(x, r))x∈M a cover of M by relatively compact balls.
Assume that, for any x ∈ M, there is a constant ax > 0 such that the
Faber-Krahn inequality
λ(U) ≥ ax Vol(U)−2/n
holds for any open set U ⊂ B(x, r). Then, there is a dimension constant
C = C(n) > 0 such that for all x ∈ M and t ≤ r2/4,
pt(x, x) ≤ Ca−n/2x
1
tn/2
.
If, additionally, we have infx∈M ax > 0, then, the heat semigroup is
(1, 2)-ultracontractive on the interval (0, r2/2].
The classical inequality
p2t (x, y) ≤ pt(x, x)pt(y, y), ∀ x, y ∈ M, t > 0,
leads to off-diagonal upper bounds as described below, compare
also to [Gri09, Lemma 15.13].
Corollary 4.19. If the heat kernel of a Riemannian manifold satisfies
pt(x, x) ≤ C1(x)t−n/2 ∀ x ∈ M, t ∈ (0, t0]
for a positive continuous function C1 : M → (0,∞), then, there is a
positive continuous function C2 : M→ (0,∞) such that
pt(x, y) ≤ C1(x)C2(y)t−n/2 ∀ x, y ∈ M, t ∈ (0, t0].
Remark 4.20. The exponent 2/n in the relative Faber-Krahn in-
equalities could be replaced by any other positive constant. The
same techniques apply to this changed setting, what of course
yields different constants in the Gaussian estimates.
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4.3 Locally uniform Ricci curvature integral
bounds
In this section, we show that locally uniform bounds on the Lp-
means of the negative part of the Ricci curvature imply Gaussian
upper bounds for the heat kernel on connected and complete
manifolds. To this end, we combine ideas both from Grigor’yan
and Yang as presented in sections 4.1 and 4.2. Based on [PW01]
we will show that on the one hand, our curvature assumption
implies a local reverse doubling property to a generalization of
Proposition 4.7. On the other hand, this result together with
Croke’s inequality and Proposition 4.12 yields a local isoperimet-
ric inequality. This implies a Gaussian upper bound as explained
in the section above. Additionally, this results in ultracontractiv-
ity of the heat semigroup on compact manifolds with the expected
local dimension of the heat kernel in contrast to Gallot’s result.
In the following, M will always be a connected, complete Rie-
mannian manifold of dimension n ≥ 2 unless otherwise stated.
The following results can also be formulated for connected com-
ponents of M. Fix p > n/2 and r > 0 and define for x ∈ M the
quantities
κ(p, x, r) :=
∫
B(x,r)
ρ
p
−dvol and κ¯(p, x, r) :=
κ(p, x, r)
Vol(B(x, r))
.
From now on, we are interested in the number
κ¯(p, r) := sup
x∈M
(κ¯(p, x, r))1/p , (4.6)
which is nothing but a uniform local Lp-mean of the negative
part of the function (2.1), which maps any x ∈ M to the smallest
eigenvalue of the matrix representation of the Ricci tensor. As
mentioned before, the quantity defined by (4.6) carries informa-
tion about a local volume doubling property.
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Proposition 4.21 ([PW01], Theorem 2.1). Assuming that p > n/2,
there are explicit constants ε = ε(n, p) > 0 and D = D(p) > 0 such
that for any R > 0 with
R2κ¯(p, R) < ε
we have for all x ∈ M and 0 < r < s ≤ R,
D
Vol(B(x, s))
Vol(B(x, r))
≤
(s
r
)n
.
In particular, we have
ε =
(2p− n)p+1
2n(n− 1)(2p− 1) and D =
(
2−√2
2
)2p
.
Remark 4.22. Obviously, if D˜ is an upper bound for the diameter
of M, Gallot’s quantity (4.3) can be estimated by κ¯(p, D˜) and vice
versa.
For any r > 0, k(x, p, r) is exactly the object considered by Yang.
The quantity (4.6) has been used already in different contexts
and modified versions. First, a prototype of it implies a volume
comparison estimate for integral curvature bounds, as it was
done in [PW97]. Proposition 4.21 is a generalization of the results
proved there. A modified version of (4.6) even leads to a Bonnet-
Meyer’s type theorem. More precisely, [PS98] shows a diameter
bound assuming that the Lp-means of the part of Ricci curvature
going below a positive threshold is small enough.
The locally uniform bound on the Ricci curvature and the
local volume doubling property above allow to compare r2κ¯(p, r)
for different values r as explained in [PW01]. This implies in
particular that r2κ¯(p, r) scales correctly with increasing radius. In
fact, assume that the conditions of Proposition 4.21 are satisfied.
Then, it is a direct consequence that for all 0 < r < s ≤ R
r2κ¯(p, r) ≤ D−1
(s
r
) n
p−2
s2κ¯(p, s). (4.7)
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The other direction looks similar and can be seen by a packing ar-
gument, what has also been observed by the authors of the above
mentioned article. Assume that 0 < r < s and that r2κ¯(p, r) < ε.
Then,
s2κ¯(p, s) ≤
(
2n
D
) 1
p (s
r
)2
r2κ¯(p, r). (4.8)
Remark 4.23. If there is a lower Ricci curvature bound −K for
some K ∈ R, then
R2κ¯(p, R) ≤ R2K.
Therefore, R2κ¯(p, R) is small for R > 0 small enough.
The scaling properties and the volume comparison estimate
allow to prove local volume doubling and reverse doubling prop-
erties under locally uniform integral curvature curvature condi-
tions, as a localized version of Proposition 4.7. The proof differs
from the proof of this proposition by the occurring constants, so
that we prove it here for convenience.
Lemma 4.24 ([Ros16a, Lemma 3.2]). Let ε > 0 be as in Proposition
4.21, and R > 0. Assume further that M is either non-compact or
R ≤ diam(M)/3. If
R2κ¯(p, R) < ε,
then there are explicit constants a = a(n, p) > 0, b = b(n, p) > 0
and η = η(n, p) > 0 such that for all 0 < r ≤ s ≤ R/3 and balls
B(x, s) and B(y, r) such that B(x, r) ∩ B(y, s) 6= ∅, we have
a
(s
r
)η ≤ Vol(B(x, s))
Vol(B(y, r))
≤ b
(s
r
)n
. (4.9)
Proof. (following [Gri99]) Almost any points x, y ∈ M can be con-
nected by a shortest geodesic. By assumption on the intersection
of the closures of the balls around x and y we know that
d(x, y) ≤ r + s ≤ 2R/3.
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Therefore, Proposition 4.21 applied to B(y, 3s) implies
Vol(B(x, s))
Vol(B(y, r))
≤ Vol(B(y, 2s + r))
Vol(B(y, r))
≤ Vol(B(y, 3s))
Vol(B(y, r))
≤ b
(s
r
)n
(4.10)
where
b := 3nD−1.
For the lower bound, we look at a special case first. The general
one will follow from an iteration procedure. Assume now that
s = 3r and x = y. Then, there is a ξ ∈ M with d(x, ξ) = 2r. If
M is non-compact and complete, it is clear that there exists a ray
going to infinity, which ensures that there is such a ξ. If M is
compact and 3R ≤ diam M we can connect x to any point in the
complement of B(x, R), especially to any point ξ with distance
d(x, ξ) = 2r. Using the upper inequality in (4.10) for Vol(B(ξ, r))
Vol(B(x, s)) = Vol(B(x, 3r))
≥ Vol(B(x, r)) +Vol(B(ξ, r))
≥ (1+ b−1)Vol(B(x, r)).
For the general case we know that there is a k ∈ N such that
3k ≤ s
r
< 3k+1,
so we can conclude
Vol(B(x, s)) ≥ Vol(B(x, 3kr))
≥ Vol(B(x, r)) (1+ b−1)k
≥ b−1(1+ b−1)k Vol(B(y, r))
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= b−1(1+ b−1)−1(1+ b−1)k+1 Vol(B(y, r))
≥ a Vol(B(y, r))
(s
r
)η
,
where we chose
a := b−1(1+ b−1)−1 = (b + 1)−1 and η := log3(1+ b
−1).

Theorem 4.25 ([Ros16a, Theorem 3.1]). Let 2p > n ≥ 3, τ > 0,
and r ∈ (0, diam(M)). There are explicitly computable constants
ε0 = ε0(n, p, τ) > 0 and CI = CI(n, p, τ) > 0 such that if
r2κ¯(p, r) < ε0, (4.11)
then, for all x ∈ M we have
In(B(x, r)) ≥ CI
(
Vol(B(x, r))
rn
)1+1/n
. (4.12)
Proof of Theorem 4.25. First, compare our notation with Yang’s.
Observe that in the case Sˆx = Sx it is k = κ(p, x, r) for ρ = r. For
the proof of the theorem we distinguish between the compact
and non-compact case.
The non-compact case: By D, b, η, ε > 0 from Lemma 4.24 and
c(n, p, τ) from Proposition 4.12 define the constant
G := min
{
1
9
(
D
2n
) 1
p
(
a
a + 1
) 2
η
ε,
1
D
(
a
b c(n, p, τ)
) 1
p
}
.
for some τ = τ(n, p, r) > 0 to be chosen later. To estimate
In(B(x, r)) from below it suffices to bound the isoperimetric ra-
tio for connected subsets of B(x, r), see [Cha01, Remark V.2.5].
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Let Ω ⊂ B(x, r) be a connected compact manifold with smooth
boundary ∂Ω. We define
s := 3
(
a + 1
a
) 1
η
r.
Given x1 ∈ Ω, let Sˆx1 ⊂ Sx1 denote the set of unit tangent vectors
v at x1 such that the corresponding geodesic γv(t)=expx1tv, t > 0,
is a minimal geodesic joining x1 to some point in the annulus
B(x, s/3) \ B(x, r). Since Ω is compact, we can choose x1 ∈ Ω
such that Sˆx1 has minimal volume ωˆx1. Since the visibility angle
of Ω is larger than ωˆx1/cn−1, Theorem 4.10 tells us that
A(∂Ω)
Vol(Ω)(n−1)/n
≥ cn−1
(cn/2)1−
1
n
(
ωˆx1
cn−1
)1+1/n
.
Therefore, it suffices to find a lower bound for ωˆx1. Assume that
r2κ¯(p, r) < G. Since s > r, the estimate (4.8) gives
s2κ¯(p, s) < ε. (4.13)
The volume of the cone Γ(Sˆx1, s/3+ r) is larger than the volume
of the annulus B(x, s/3) \ B(x, r). Lemma 4.24 and the definition
of the radius s yield
Vol(Γ(Sˆx1, s/3+ r)) ≥ Vol(B(x, s/3))−Vol(B(x, r))
≥
(
a
( s
3r
)η − 1)Vol(B(x, r))
≥ a Vol(B(x, r)). (4.14)
On the other hand, (4.13) and (4.7) imply
κ¯(p, r + s/3) <
1
r2
(
a
b c(n, p, τ)
(
r
r + s/3
)n) 1p
(4.15)
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and, therefore,
κ(p, x, r + s/3) ≤ a Vol(B(x, r + s/3))
b c(n, p, τ) r2p
(
r
r + s/3
)n
. (4.16)
Apply Proposition 4.24 to (4.14) and use (4.16) to get
Vol(Γ(Sˆx1, s/3+ r)) ≥ a
(
r
s/3+ r
)n
Vol(B(x, r + s/3))
≥ r2pc(n, p, τ)κ(p, x, r + s/3). (4.17)
Inequality (4.4) from Proposition 4.12 implies an upper bound for
the volume Vol(Γ(Sˆx1, s/3+ r)). Combining this with the lower
bound above, we get a contradiction, such that the first case of
(4.4) applies. Therefore, we always have
Vol(Γ(Sˆx1, s/3+ r)) ≤ (1+ τ)n−1
ωˆx1
n
(s/3+ r)n.
Inserting (4.14), rearranging and the definition of s lead to
ωˆ
cn−1
≥ na
cn−1
(1+ τ)1−n(s/3+ r)−n Vol(B(x, r))
≥ na
cn−1
((
a + 1
a
) 1
η
+ 1
)−n
(1+ τ)1−n
Vol(B(x, r))
rn
.
This yields
ωˆx1
cn−1
≥ CN Vol(B(x, r))rn , (4.18)
where
CN :=
na
cn−1
((
a + 1
a
) 1
η
+ 1
)−n
(1+ τ)1−n.
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The compact case: Let G and s be as above. If
r ≤ 1
3
(
a
a + 1
) 1
η
diam(M),
then s ≤ diam(M) and the proof above applies. Otherwise, let
r˜ :=
1
3
(
a
a + 1
) 1
η
diam(M) such that s˜ := diam(M),
and
G˜ := min
{
1
9
(
D
2n
) 1
p
(
a
a + 1
) 2
η
ε,
1
D
(
a
b c(n, p, τ)
) 1
p
}
.
Assuming
r2κ¯(p, r) < min
{
ε, D
(
r˜
r
) n
p−2
G˜
}
,
(4.7) gives r˜2κ¯(p, r˜) < G˜. The proof above applies again and leads
to (4.18) with r replaced by r˜. Since r2κ¯(p, r) < ε, Proposition 4.21
implies the inequality
ωˆx1
cn−1
≥ Cc Vol(B(x, r))rn ,
where Cc := DCN. We end up by setting
CI :=
cn−1
(cn/2)1−
1
n
C1+1/nc
and
ε0 :=

G : M is non-compact
G : r ≤ 13
( a
a+1
) 1
η diam(M),
min
{
ε, D
( r˜
r
) n
p−2 G˜
}
: otherwise.

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It has been discussed already that for x ∈ M and r > 0, lower
bounds on In(B(x, r)) imply lower bounds on the first non-zero
eigenvalue of the Dirichlet Laplacian in B(x, r) by using Theorem
4.13. Therefore, smallness of r2κ¯(p, r) for some r > 0 and p > n/2
implies a Gaussian upper bound by Corollary 4.18.
Theorem 4.26 ([Ros16a, Theorem 4.1]). Let 2p>n≥3, τ> 0, and
r ∈ (0, diam(M)). There exists an explicitly computable constant
ε1 = ε1(n, p, τ) > 0 such that if
r2κ¯(p, r) < ε1, (4.19)
then, there exists an explicit C = C(n, p, r, ε1) > 0 such that, for all
x ∈ M and 0 < t ≤ r2/4, we have
pt(x, x) ≤ CVol(B(x, r))n+1 t
−n/2.
Proof. By D > 0 from Proposition 4.21 and ε0 > 0 from Theorem
4.25 define
ε1 := Dε0.
By Theorem 4.25, it follows from our assumption on r2κ¯(p, r) that
for any x ∈ M we have
In(B(x, r/2))≥CI
(
Vol(B(x, r/2))
2−nrn
) n+1
n
=C′I
(
Vol(B(x, r/2))
rn
) n+1
n
,
with
C′I = 2
n+1CI.
This isoperimetric bound in B(x, r/2) is equivalent to the state-
ment that for all Ω ∈ B(x, r/2) with smooth boundary ∂Ω we
have
A(∂Ω)
Vol(Ω)
≥ C′I
(
Vol(B(x, r/2))
rn
)1+ 1n
Vol(Ω)−1/n.
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By Cheeger’s theorem, this implies that the first Dirichlet eigen-
value of Ω, λ(Ω), is bounded from below,
λ(Ω) ≥ (C
′
I)
2
4
(
Vol(B(x, r/2))
rn
)2+2/n
Vol(Ω)−2/n.
That means, for every ball B(x, r/2) we have a relative Faber-
Krahn inequality. Since (B(x, r/2))x∈M is a cover for M, Corollary
4.18 implies that, after collecting all the constants, for all x ∈ M
and t ∈ (0, r2/4), the heat kernel pt on M satisfies
pt(x, x) ≤ 12Ch(C
′
I)
−nr2n(n+1) Vol(B(x, r/2))−n−1t−n/2
where
Ch :=
2
√
17 4
n+1
n+2+n+2e2
4n+2− 1 ≤ 10e
2 4
n+3
4n+2− 1.
Appling Lemma 4.24 to Vol(B(x, r/2)) proves the theorem. 
If we assume that M is compact, Theorem 4.26 and Proposition
4.21 enable us to prove a version of Theorem 4.15, providing the
local dimension n of the heat kernel. Contrary to Gallot’s result
we do not use a global isoperimetric inequality.
Corollary 4.27 ([Ros16a]). Assume that M is an n-dimensional, com-
pact manifold and let 2p > n ≥ 3. There exist explicitly computable
ε1=ε1(n, p,diam(M))>0 and CG =CG(n, p, diam(M),Vol(M))>0
such that if
κ¯(p, diam(M)) < ε1,
then, for all x ∈ M and 0 < t ≤ diam(M)/3, we have
pt(x, x) ≤ CG t−n/2.
In particular, the heat semigroup of M is (1,∞)-ultracontractive on
(0, diam(M)/3] with rate function
θ(t) = CGt−n/2.
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Proof. Set τ = diam(M). We have, by (4.7),
1
9
κ¯(p, diam(M)/3) ≤ 3n/p−2κ¯(p, diam(M))2 < ε0
diam(M)2
.
For all x ∈ M and t ∈ (0, diam(M)/3], Theorem 4.26 and Propo-
sition 4.21 imply
pt(x, x)≤ CVol(B(x, diam(M)/3)) t
−n/2 ≤ C
(
3n
D Vol(M)
)n+1
t−n/2
for some explicit C = C(n, p, diam(M)/3) > 0. The statement
follows by setting
CG := C
(
3n
D Vol(M)
)n+1
.

It follows directly from the statements above that the heat
semigroup is (1,∞)-ultracontractive if the volumes of the balls of
a fixed radius do not collapse to zero.
Corollary 4.28. Let M be a Riemannian manifold of dimension n,
geodesically complete and let r > 0. Assume additionally that
inf
x∈M
Vol(B(x, r)) > 0.
There exists an ε1 > 0 such that if
r2κ¯(p, r) < ε1, (4.20)
then the heat semigroup is (1,∞)-ultracontractive on (0, r2/4] with
rate function
θ(t) = Ct−n/2
and some explicit C > 0.
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Remark 4.29. By a theorem of Croke in [Cro80], the assumption
above is satisfied if the injectivity radius i(M) of M is positive,
see also [Cha93]. In this case, we can choose any r ∈ (0, i(M)/2].
Furthermore, the theorem is also valid for appropriate choices of
the parameters if M has bounded geometry. Note that then also
Nash and Sobolev inequalities are valid. Compare these results
also to [Heb96].
It is also worth mentioning that if the assumption above is
satisfied, then for p > n/2, every function in Lp(M) is a Kato
potential. Actually, this bases only on the ultracontractivity of the
heat semigroup, but here we are interested in geometric assump-
tions which are suffient for ultracontractivity. The result below
follows directly using the definition for Kato potentials. This can
also be seen by using the methods from [Gün14].
Corollary 4.30. Let M be a Riemannian manifold of dimension n, and
let r > 0. Assume additionally that
inf
x∈M
Vol(B(x, r)) > 0.
There exists an ε1 > 0 such that if
r2κ¯(p, r) < ε1, (4.21)
then all functions in Lp(M) are Kato class. More precisely, for any
V ∈ Lp(M), we have
bKato(V, β)→ 0, β→ 0.
Proof. Corollary 4.28 implies (1,∞)-ultracontractivity of the heat
semigroup on (0, r2/4] with rate function
θ(t) = C t−n/2
for some constant C > 0. The Riesz-Thorin convexity theorem
implies (p,∞)-ultracontractivity on (0, r2/4] with rate function
θ(t) = C˜ t−n/2p
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for some constant C˜ > 0. Hence, for V ∈ Lp(M) and β ≤ r2/4,
bKato(V, β) =
∫ β
0
‖PtV‖∞dt ≤
∫ β
0
‖Pt‖p,∞‖V‖pdt
≤ ‖V‖pC˜
∫ β
0
t−
n
2p dt,
and the right-hand side goes to zero as β tends to zero. 
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Chapter 5
Gradient estimates for
the heat equation
In the pioneering work [Yau75], Yau showed that gradient esti-
mates can be established for harmonic functions on a complete
Riemannian manifold, which lead to bounds of the first eigen-
value of the Dirichlet Laplacian, see also [CY75]. The authors of
[LY86] observed that such gradient estimates also exist for solu-
tions to the heat equation, resulting in Harnack inequalities and
Gaussian upper bounds for the heat kernel. The interested reader
can also consult [SY94]. Here, we briefly summarize results about
Gaussian upper bounds as a result of gradient estimates for the
heat equation, the generalization to the integral curvature case
from [ZZ15], and show a general theorem to obtain a Harnack
inequality from a gradient estimate. The last part proves that as-
suming that the Ricci curvature belongs to the Kato class leads to
Gaussian upper bounds as it was first demonstrated in [Ros16b].
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5.1 From gradient estimates to Harnack and Gauss
In the article [LY86] the authors provided a purely analytic access
to deal with Gaussian upper bounds. Namely, they used that a
gradient estimate for solutions of the heat equation (3.1) is suf-
ficient to obtain so-called Harnack inequalities and in turn heat
kernel upper bounds. In particular, they derived an upper bound
for non-negatively Ricci curved manifolds. Later, Hamilton gen-
eralized this result in [Ham93]. Both results can be compared to
Theorem 4.6, where a completely different technique has been
used. Recall again that, for simplicity, we always assume that M
is complete.
Theorem 5.1 ([LY86, Theorem 1.3]). Let M be a Riemannian mani-
fold of dimension n with non-negative Ricci curvature. Assume that u
is a positive solution to the heat equation (3.1) on M× (0, T] for some
T > 0. Then,
|∇u|2
u2
− u−1∂u
∂t
≤ n
2t
. (5.1)
Remark 5.2. Actually, they proved even more. The article shows
that there are bounds for positive solutions to the perturbed
heat equation with potentials satisfying appropriate conditions
on manifolds with Ricci curvature bounded from below. For
simplicity, we restrict ourselves to the easiest statement here.
Starting from this estimate, they observed that they are able
to prove a Harnack inequality, what can be done by integrating
over a spacetime curve. We discuss this proof later again.
Theorem 5.3 ([LY86, Theorem 2.1]). Let M and u be as in the state-
ment above. Then, for all x, y ∈ M, 0 < t1 < t2 ≤ T, we have
u(x, t1) ≤ u(y, t2)
(
t2
t1
) n
2
exp
(
d(x, y)2
4(t2− t1)
)
(5.2)
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Using a comparison estimate and the volume doubling prop-
erty they prove the following Harnack inequality.
Theorem 5.4 ([LY86, Corollary 3.1]). Let M be as above and p be
the heat kernel on M. Then, for any ε ∈ (0, 1), there is a constant
C(ε) > 0 such that, for any x, y ∈ M and t > 0,
pt(x, y) ≤ C(ε)
Vol(B(x,
√
t))
exp
(
−d(x, y)
2
(4+ ε)t
)
. (5.3)
Recently, there have been some attempts to prove gradient
estimates under generalized Ricci curvature assumptions. In
[ZZ15], the authors proved a gradient estimate for solutions of
the heat equation under Lp-conditions on the negative part of the
Ricci curvature on compact Riemannian manifolds.
Theorem 5.5 ([ZZ15, Theorem 1.1]). Let M be a compact Rieman-
nian manifold of dimension n and u a positive solution of the heat
equation (3.1). Assume that one of the following conditions is satisfied:
1. For some p > n/2, ‖ρ−‖p is small enough and M is non-
collapsing or
2. the heat kernel has a Gaussian upper bound and
sup
x∈M
∫
ρ2−d(x, ·)−n−2dvol
is small enough.
Then, for any α ∈ (0, 1), we have an estimate (5.4) for some explicit
function j : (0,∞)→ (0,∞).
The authors already mentioned in [ZZ15] that the conditions
are not as optimal as they seemed and prepared [ZZ16], where
they proved that such an estimate is in fact valid without the com-
pactness assumption and under locally uniform Ricci curvature
integral bounds as presented in the chapter above.
73
5 Gradient estimates for the heat equation
Theorem 5.6 ([ZZ16, Theorem 1.1]). Let M be a Riemannian mani-
fold of dimension n and u be a solution of the heat equation (3.1). For
any p > n/2 and r > 0, there is a constant ε = ε(n, p, r) > 0 such
that if
r2κ¯(p, r) < ε,
then, for any α ∈ (0, 1) and x ∈ M, we have in any ball B(x, r/2) an
estimate of the form (5.4).
Remark 5.7. The authors used the results from [DWZ16], which
are in the same spirit as the results presented here, but proved by
using a much more complicated technique.
Remark 5.8. Of course, the results cited above seem a little unnat-
ural. To derive the Li-Yau gradient estimates, which are actually
used to derive Gaussian upper bounds for the heat kernel, the
authors already use implicitly that there is such an estimate for
the heat kernel. In fact, they actually prove a neccessary con-
dition for the gradient estimate. We are looking for conditions
which imply a gradient estimate without using implicitly the
existence of a Gaussian bound for the heat kernel. It turns out
that techniques from perturbation theory provide the results they
have been looking for. Namely, it is not an Lp-condition on the
negative part of the Ricci curvature which forces the semigroup
to be ultracontractive. In fact, it is the Kato condition.
As mentioned above, Harnack inequalities for small times
based on a gradient estimate for positive solutions of the heat
equation follow by a well known techique obtained in [LY86].
Because there is no proof in the literature of the theorem below
in its generality, we will prove it here for convenience.
Theorem 5.9. Let M be a Riemannian manifold of dimension n and
u a positive solution of the heat equation (3.1). Assume that there are
α ∈ (0, 1], c > 0, and a smooth positive function j : (0,∞)→ (0,∞)
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such that
αj(t)
|∇u|2
u2
− u−1∂u
∂t
≤ cn
t j(t)
∀ t ∈ (0,∞). (5.4)
Then, we have for all x, y ∈ M and 0 < t1 < t2,
u(x, t1) ≤ u(y, t2)
(
t2
t1
)Jt1,t2 cn
exp
(
Jt1,t2
d(x, y)2
4(t2− t1)
)
, (5.5)
where
Jt1,t2 := maxt∈[t1,t2]
α−1j(t)−1.
The proof of the theorem above differs from Theorem 2.1 in
[LY86] only by bounding the occurring function j. Nevertheless,
we give a quick proof.
Proof of Theorem 5.9. We follow the proof of Theorem 2.1 in [LY86].
Let γ : [0, 1]→ M the shortest geodesic between x and y. Define
η : [0, 1]→ M× [t1, t2], s 7→ (γ(s), (1− s)t2 + st1).
Integrate dds log u along η and apply (5.4) to − ∂∂t(log u):
log
u(x, t1)
u(y, t2)
≤
∫ 1
0
|γ˙||∇(log u)| − (t2− t1)αj(t)|∇(log u)|2
+ (t2− t1) cntj(t)ds.
Considering the first two terms of the integrand as a quadratic in
|∇(log u)|, one can see that they are bounded from above by
|γ˙|2
4(t2− t1)αj(t) .
Substituting t = (1− s)t2 + st1 and pulling out the maximum of
j on [t1, t2] one ends up with
log
(
u(x, t1)
u(y, t2)
)
≤ Jt1,t2
(∫ 1
0
|γ˙|2
4(t2− t1) + cn
t2− t1
(1− s)t2 + st1 ds
)
.
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Taking exponentials yields the claim. 
Small time Gaussian upper bounds now follow by simple inte-
gration over balls of the heat kernel and choosing the parameters
correctly.
Theorem 5.10. Let M be a Riemannian manifold of dimension n. As-
sume that there are α ∈ (0, 1), c > 0, and a smooth non-increasing
positive function j : (0,∞)→ (0,∞) such that (5.4) is satisfied.
(i) For all x ∈ M and t ≤ β,
pt(x, x) ≤ 1
Vol(B(x,
√
β))
(
2β
t
)J0,βcn
eJ0,β/4.
(ii) For all x ∈ M and t ≤ β,
pt(x, x) ≤ 1
Vol(B(x,
√
t))
eJ0,β/4, (5.6)
and Ja,b as in Theorem 5.9.
Proof. If we let for any x ∈ M and t ∈ (0, β] u(·, t) = pt(x, ·), (5.5)
implies
pt(x, x) ≤ pt+s(x, y)
(
t + s
t
)J0,βcn
exp
(
J0,β
d(x, y)2
4s
)
.
Integration over B(x, r) for any r > 0 with respect to the y-
variable and the property
∫
M pt(x, y)dvol(y) ≤ 1 for any x ∈ M
and any t > 0 yields
pt(x, x) ≤ 1Vol(B(x, r))
(
t + s
t
)J0,βcn
exp
(
J0,β
r2
4s
)
. (5.7)
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(i) Choosing s = r2 in (5.7) and t  b leads to
pt(x, x)  1Vol(B(x, r))

b + r2
t
 J0,bcn
exp
 J0,b
4

and setting r2 = b yields the claim.
(ii) Choosing s = t yields
pt(x, x)  1Vol(B(x, r)) 2
J0,bcn exp

J0,b
r2
4t

and setting t = r2 yields the claim. 
The difference between the two statements above is that work-
ing with (ii) depends on further information about the volume
growth of the manifold, while (i) can be used to get appealing
bounds on the heat kernel depending only on the time while
keeping a fixed radius b. Number (i) leads to Gaussian behavior
for small times as expected following from Corollary 4.19. How-
ever, (i) is more useful in the compact case without using any
information about the volume growth by identifying b with the
diameter.
5.2 Kato-type curvature conditions
For a manifold M , we already introduced the Kato constant
bKato(V , b) :=
Z b
0
kPtVk¥ dt
for some non-negative measurable function V : M ! R in sec-
tion 3.4 and discussed mapping properties of the corresponding
perturbed semigroup. If M is compact, the negative part of the
function r introduced in 2.5, which maps any point to the small-
est eigenvalue of the Ricci tensor, is bounded as a continuous
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function. The Kato constant bKato(ρ−, β) will then be small for
β > 0 small enough by the resulting Gaussian behavior of the
heat semigroup. Surprisingly, the smallness of bKato(ρ−, β) al-
ready implies Gaussian behavior of the heat kernel and therefore
represents a more general criterion for the Ricci curvature as in-
tegral curvature bounds. This was first shown in [Ros16b]. To
obtain explicit Gaussian upper bounds we derive a gradient es-
timate of the form (5.4) using the ideas from [ZZ15] and apply
Theorem 5.10.
Theorem 5.11 ([Ros16b, Theorem 2.1]). Let M be a compact Rie-
mannian manifold of dimension n ∈ N , n ≥ 2, u be a positive solution
of the heat equation (3.1),
∂
∂t
u = −Du, (5.8)
α ∈ (0, 1) and β > 0. There exists a constant ε = ε(n, α) ∈ (0, 1)
such that if
bKato(β, ρ−) < ε,
then there are a constant c = c(n, α) > 0 and a continuous non-
increasing function j : (0, ¥ )→ (0, ¥ ) such that u satisfies
α j(t)
|∇u|2
u2
− u−1∂u
∂t
≤ c n
t j(t)
, ∀ t ∈ (0, ¥ ). (5.9)
The occurring constants are given by
ε(n, α) :=
2(1− α)2
5n + 3(1− α)2 , c(n, α) :=
n + (1− α)2
2nα
and
j(t) := (1− bKato(β, ρ−))
(
1+ tβ
)
ε . (5.10)
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The heart of the proof are the Propositions below, in particular
Proposition 5.13, which states that the smallness of bKato(ρ−, β)
encodes smoothness and boundedness properties of a certain
control function which will be introduced during the proof. The
bounds will represent the function given by (5.10). The statement
then follows by the arguments from Theorem 1.1 in [ZZ15]. We
also outline the necessary calculations of this proof quickly.
A useful tool is the following consequence of the abstract Myadera-
Voigt perturbation theorem for semigroup perturbations. It easily
carries over to arbitrary positivity preserving semigroups on L1.
We state it in the context of our set-up for convenience.
Proposition 5.12 ([RS16, Proposition 5.3]). Let M be a compact
Riemannian manifold and V ∈ L1(M) such that, for some β > 0,
b := bKato(V−, β) < 1.
Then
‖e−t(∆+V)‖1,1 ≤ Ceωt,
where
C =
1
1− b ,ω =
1
β
log
1
1− b .
Proof. By the Feynman-Kac formula (alternatively, the Trotter-
Kato formula and truncation gives a purely analytic argument,
see [Voi86]) we get that
|e−t(∆+V) f (x)| ≤
(
e−t(∆−V−)| f |
)
(x)
which implies that
‖e−t(∆+V)‖1,1 ≤ ‖e−t(∆−V−)‖1,1.
Therefore, we can assume that V+=0. Apply [Voi77, Theorem 1],
using that L = 1 and λ = 0 in the notation of the latter paper. 
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Proposition 5.13 ([Ros16b, Proposition 2.2]). Let M be a compact
Riemannian manifold of dimension n ∈ N , n ≥ 2 and d < 5/2.
Consider the problem
(
−DJ − 2r − J − 5d−1 |∇J|2J − ¶¶t J = 0 on M× (0, ¥ ),
J(·, 0) = 1. (5.11)
Assume that
b := bKato(b, r −) <
d
5− d.
Then (5.11) has a smooth unique solution satisfying
j(t) ≤ J(x, t) ≤ 1, (5.12)
for all t > 0 and x ∈ M, where j(t) is given by (5.10).
Proof. Let a := 5d−1 and
w = J−(a−1).
An easy calculation shows that w satisfies
(
−Dw− ¶¶tw + 2(a− 1)r −w = 0 on M× (0, ¥ ),
w(·, 0) = 1. (5.13)
Since r − is continuous, it is relatively bounded with respect to
D, such that the semigroup e−t(D−2(a−1)r−) is continuous from
Lp(M) to Lq(M) for all 1 ≤ p ≤ q ≤ ¥ for all t > 0, see [Voi86].
Therefore, the solution of (5.13) is given by
w = e−t(D−2(a−1)r−)1,
with 1 as in Definition 3.13. The non-negativity of r − and stochas-
tic completeness imply w ≥ 1. For the upper bound on w we use
Proposition 5.12, giving
‖e−t(D−2(a−1)r−)‖1,1 ≤ 11− be
t 1b log
1
1−b =

1
1− b
 1+ tb
.
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By duality, we have
‖w‖∞ ≤ ‖e−t(∆−2(a−1)ρ−)‖∞,∞ = ‖e−t(∆−2(a−1)ρ−)‖1,1. (5.14)
The bounds on w directly imply the bounds for the function J. 
Proof of Theorem 5.11. For the sake of completeness we outline
the steps of the proof of Theorem 1.1 in [ZZ15]. Let
J : M× (0,∞)→ (0,∞)
be a smooth positive function and
Q : M× (0,∞)→ R
given by
Q = αJ
|∇u|2
u2
− u−1∂u
∂t
.
We have to bound this function from above by a function which
does not depend on x anymore. In [ZZ15], the authors derived
the inequality

−∆− ∂
∂t

(tQ) + 2
∇u
u
∇(tQ) ≥ αt2− δ
n
J(|∇ f |2− ∂t f )2
+α

−∆J − 2ρ− J − 5
δ
|∇J|2
J
− ∂
∂t
J

t|∇ f |2− δαtJ|∇ f |4−Q,
where f = ln u and δ > 0 is arbitrary. Assuming δ < 5/2,
Propostion 5.13 gives

−∆− ∂
∂t

(tQ) + 2
∇u
u
∇(tQ) ≥ αt
n
(2− δ)J

|∇ f |2− ∂
∂t
f
 2
− δαtJ|∇ f |4−Q.
For T > 0, we can apply the maximum principle for the heat
operator since M is compact. Let (x0, t0) be a maximum point of
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tQ in M× [0, T]. At this point the above inequality implies
0 ≥ αt
n
(2− δ)J (|∇ f |2− ∂t f )2− δαtJ|∇ f |4−Q.
W. l. o. g. we can assume Q(x0, t0) ≥ 0, because otherwise, the
inequality is trivial. A calculation shows
(|∇ f |2− ∂ f )2 ≥ (αJ |∇u|2
u2
− ∂tu
u
)2
+ (1− αJ)2|∇ f |4.
Plugging this into the previous inequality gives
0 ≥ αt
n
(2− δ)JQ2 +
(
2− δ
n
(1− αJ)2− δ
)
αtJ|∇ f |4−Q.
Choose
δ =
2(1− α)2
n + (1− α)2 ,
such that J ≤ 1 implies
2− δ
n
(1− αJ)2− δ ≥ 0 on M× (0,∞).
At our maximum point (x0, t0) we therefore have
0 ≥ α2− δ
n
JtQ2−Q.
This gives
tQ ≤ tQ∣∣
(x0,t0)
≤ n
(2− δ)αj(t) ,
what implies the claim. 
Theorem 5.5 can now be applied to the gradient estimate ob-
tained above under the Kato condition on the Ricci curvature.
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Corollary 5.14 (cf. [Ros16b, Theorem 3.1]). Let M be a compact
Riemannian manifold of dimension n ∈ N , n ≥ 2, a ∈ (0, 1), b > 0
and #= #(n, a) > 0, c = c(n.a) > 0 as in Theorem 5.11 such that
b := bKato(b, r −) < #.
For any T > 0, let
n = n(a, T, b, b, #) := 1
a

1
1− b


1+ Tb

#
.
Any positive solution of (3.1) satisfies for all x, y ∈ M and all times
0 < t1 < t2 ≤ T
u(x, t1) ≤ u(y, t2)

t2
t1
 #nn
exp

n d(x, y)2
4(t2− t1)

. (5.15)
Proof. Plug in the bounds on the function j obtained in Theorem
5.11 to Theorem 5.9. 
Theorem 5.15 (cf. [Ros16b, Theorem 3.2]). Let M be a compact
Riemannian manifold of dimension n, n ≥ 2, a ∈ (0, 1), b > 0 and
#= #(n, a) > 0, c = c(n.a) > 0 as in Theorem 5.11 such that
b := bKato(b, r −) < #.
Set
n∗ = n(a, b, b, b, #)
with n defined as in Theorem 5.14.
(i) For all x ∈ M and t ≤ b
pt(x, x) ≤ 1
Vol(B(x, p b))

2b
t
 n∗#n
en
∗/4. (5.16)
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(ii) For all x ∈ M and t ≤ β
pt(x, x) ≤ 1
Vol(B(x,
√
t))
eν
∗/4.
In particular, if β = diam(M)2, we get for all x, y ∈ M and all times
t ≤ diam(M)2
pt(x, y) ≤ e
ν∗/4 diam(M)2ν∗nε
Vol(M)
t−εnν
∗
exp
(
−d(x, y)
2
4t
)
. (5.17)
Proof. The on-diagonal bound follows from Theorem 5.10 and
self-improves directly to the off-diagonal bound by Theorem
15.13 in [Gri09] setting D = 2 in the notation of the cited book.

On a compact manifold, the heat kernel can be controlled by
the Kato condition. The definition of the Kato constant involves
the heat kernel, such that one could say that the heat kernel
implicitly controls the condition of having a Gaussian upper
bound. Therefore, one could ask for a curvature condition which
is equivalent to the smallness of bKato. The following statement
relies on Theorem 4.27 and gives a partial answer.
Corollary 5.16. Assume that M is a compact Riemannian manifold
and that ‖ρ−‖p is small for some p > n/2. Then, the smallness of
bKato(ρ−, β) for some β > 0 is equivalent to a gradient estimate and
equivalent to a uniform Gaussian upper bound.
Proof. The smallness of ‖ρ−‖p for some p > n/2 implies a uni-
form Gaussian upper bound for small times. Therefore, we can
estimate the Kato constant appropriately by the Lp-norm of ρ−.
Smallness of the Kato constant implies a Li-Yau gradient estimate
and therefore a Gaussian upper bound. 
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Now, a natural question is whether under suitable conditions,
smallness of the Kato constant is equivalent to a gradient estimate
if M is only geodesically complete. Apart from this, in [Car16]
the author discusses generalizations of our results in the sense
that he only assumes a global Sobolev inequality and a Kato-type
perturbation for the Ricci curvature.
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Chapter 6
Kato potentials and the
first Betti number
This chapter shows how Kato class techniques, as discussed in
Section 3.4, enable us to deal with upper bounds for the first coho-
mology group. We summarize certain known results depending
on Ricci curvature conditions and derive bounds on the first Betti
number under certain integral and Kato curvature conditions
based on the results shown in the last chapters. Those can also
be found in [RS16, Ros16a, Ros16b].
6.1 Vanishing results for b1(M)
As always, let M be a complete Riemannian manifold of dimen-
sion n. Recall that the function ρ : M→ R maps every point of M
to the smallest eigenvalue of the Ricci tensor. The starting point
of the present chapter is Bochner’s theorem we already discussed
in Chapter 1, which states that the first Betti number b1(M) van-
ishes provided ρ is non-negative and positive somewhere. The
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proof is based mainly on the Weitzenböck formula
∆1 = ∇∗∇+ Ric
from Theorem 2.19. Clearly, ∆1 will be positive definite under
the assumptions of Bochner’s theorem in the sense of quadratic
forms. Elworthy and Rosenberg dealt with a somewhat different
situation. Suppose that ρ is positive mostly but allowed to take
also negative values. Then, they can still deduce that b1(M) = 0,
provided that the wells of the negative values of ρ are under
control.
Theorem 6.1 ([ER91, Theorem 1.12]). Assume M is compact and of
dimension n ≥ 3, X ⊂ M, D, K, ρ0 > 0, diam M ≤ D, ρ ≥ −K
on M, and ρ ≥ ρ0 on M \ X. Then, there exists a positive constant
a = a(n, K, D, ρ0, ) > 0 such that if
Vol(X)
Vol(M)
≤ a,
then b1(M) = 0.
In particular, the result above contains also some uniformity
in the occurring quantities. Unfortunately, the proof of Theorem
6.1 does not give a qualitative estimate for the constant a. Note
that [BB90], the authors deal with a somewhat similar situation,
and the bounds are more explicit, but depend also on ‖ρ+‖∞
and ‖ρ+‖1. To bound the first Betti number, we use the ideas
of semigroup domination like in the proof of Theorem 6.1. In
Chapter 2, we already presented the results from [HSU80] about
the semigroup domination principle. This is valid in particular
for the heat semigroup generated by ∆1, that is,
|e−t∆1ω|(x) ≤ n e−t(∆+ρ)|ω|(x), x ∈ M,
with norms taken fiberwise in the cotangent bundle. To obtain
triviality of the first cohomology group, the argument from [ER91,
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p. 474], is as follows. Assume that ∆ + ρ > 0 in the sense of
quadratic forms. For a harmonic 1-form ω the left-hand side is
just |ω| for all t ≥ 0 while the right-hand side tends to 0 as t→ ∞,
hence ω = 0.
It is now clear that dealing with the positivity of Schrödinger op-
erators describes a way of how to show that the first cohomology
group of M is trivial. Clearly, if ρ ≥ ρ0 > 0 mostly, the control of
(ρ− ρ0)− will give the desired positivity since
∆+ ρ = ∆+ ρ0 + ρ− ρ0 ≥ ∆+ ρ0− (ρ− ρ0)−
in the sense of quadratic forms. But a serious catch appears
here: We cannot simply treat this function as a perturbation, as
both ∆ and ρ depend on the metric of M. However, we can
use Kato potentials as introduced in Chapter 2 to deal with this
problem. Recall Definition 3.14, which states that a non-negative
measurable function V : M→ [0,∞] is Kato if there is a constant
α > 0 such that either
cKato(V, α) := sup
n∈N
‖(∆+ α)−1(V ∧ n)‖∞ < 1
or
bKato(V, α) := sup
n∈N
Z α
0
‖Pt(V ∧ n)‖∞dt < 1.
Note that both conditions are actually equivalent as explained
in Chapter 2. In the application we have in mind, ρ is mostly
positive in the sense that, for some ρ0 > 0,
W := (ρ− ρ0)−
is small in the sense of Kato. To obain positivity, we use the
corollary below, which follows from [SV96].
Corollary 6.2 ([RS16, Corollary 2.3]). Let 0 ≤ V ∈ L∞(M) and
assume
cKato(V, α) < 1
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for some α > 0. Then, ∆+ α−V > 0.
Proof. Proposition 3.16 gives
∆+ α > cKato(V, α)(∆+ α) ≥ V
in the sense of quadratic forms, what implies the assertion. 
With the previous corollary, we get positivity of ∆ + ρ, pro-
vided
cKato((ρ− ρ0)−, ρ0) < 1.
In particular, this condition represents an operator theoretic crite-
rion for the triviality of the first cohomology group.
Corollary 6.3 ([Ros16b, Theorem 1.1]). If there is a ρ0 > 0 such that
cKato((ρ− ρ0)−, ρ0) < 1,
then,
H1(M) = {0}.
A similar statement holds also for bKato. However, the corollary
is rather implicit, in particular because ρ and ∆ both depend on
the Riemannian structure. Therefore, we are looking for geo-
metric conditions implying cKato((ρ− ρ0)−, ρ0) < 1. Obviously,
this condition depends on the behavior of the resolvent of the
Dirichlet Laplacian, or, equivalently, the behaviour of the heat
semigroup. In fact, the heat semigroup needs to be ultracon-
tractive in the sense of chapter two. Sufficient conditions for
ultracontractivity are heat kernel bounds for small times under
certain geometric assumptions, especially under Ricci curvature
bounds. To deal with negative curvature we define a class of
manifolds satisfying Gallot’s conditions from Theorem 4.3. Since
uniformity is the big issue here, we will keep the convention to
indicate the dependence of constants on the relevant parameters.
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Definition 6.4. For λ, D > 0 and n ∈ N , p > n/2, the set
M(λ, p, D, n) denotes the set of all Riemannian manifolds of di-
mension n and diameter less than D such that the Ricci curvature
satisfies condition (4.3), that is,
1
Vol(M)
Z 
ρ−
n− 1 − λ
2

p
2
+
dvol ≤ 1
2

λp
eλB(p,n)D − 1

, (6.1)
with B(n, p) as in Theorem 4.3 and set
K(λ, p, D, n) := K′(p)γ(λ, p, D, n)−
p
2
with γ(λ, p, D, n) as in Theorem 4.3 and K′(p) as in Theorem 4.15.
Recall that γ(. . .) and K(. . .) are bounds for the isoperimetric
constant and the constant in the uniform Gaussian upper bound,
respectively. More precisely, Theorem 4.15 bounds the heat kernel
under the curvature condition above with
pt(x, y) ≤ 1+ K(λ, p, D, n)Vol(M) t
−p/2, 0 < t ≤ 1, x, y ∈ M.
The n/2+ ε-integrability of ρ− up to some level λ2 represents al-
most Euclidean behavior of the heat kernel; however, an effective
dimension p > n appears. This plays no qualitative role for the
ultracontractivity of the heat semigroup, but for the smallness
of the Ricci curvature. Note that γ(· · · ) is decreasing in λ, as is
the left-hand side of (6.1), while the right-hand side of (6.1) goes
to zero as λ → 0 as well as λ → ∞. We use this effect to derive
a somewhat weaker statement that does not involve the level
parameter λ anymore. To this end, we simplify notation further.
We write |||·|||p for Lp-means, i.e.,
||| f |||p :=

1
Vol(M)
Z
M
| f (x)|pdvol(x)

1
p
= Vol(M)−
1
p‖ f ‖p.
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Corollary 6.5 ([RS16, Corollary 3.3]). Let p > n ≥ 3 and fix
D > 0. For any compact Riemannian manifold M with dim M = n,
diam M ≤ D and Ricci curvature satisfying
|||ρ−|||p/2 ≤ (n− 1)
(
2(ep−1− 1))− 2p ( p− 1
B(p, n)D
)2
,
where B(p, n) is as in Theorem 4.15, the heat kernel can be estimated
by
pt(x, y) ≤ 1+ K(p)D
p
2
Vol(M)
t−
p
2 , 0 < t ≤ 1, (6.2)
with an explicit K(p) > 0.
Proof. We only need a lower bound for the right-hand side of
(6.1) for some fixed λ. The assumption on |||ρ−||| implies (6.1) for
λ =
p− 1
B(p, n)D
.
It remains to plug λ into the formula for γ(λ, p, D, n) :
γ(λ, p, D, n) = B(p, n)λ inf
{
2−
1
p−1 ,
1
4
1
eλB(p,n)D − 1
}
=
p− 1
D
1
4
1
ep−1− 1,
so that the assertion follows with
K(p) = K′(p)
(
4
ep−1− 1
p− 1
)p/2
.

Compared to Theorem 4.15 it is worth mentioning that the
curvature condition of Corollary 6.5 is satisfied if one chooses p
big enough. Of course, we can use either the more subtle estimate
from Gallot’s theorem or the simpler one above in all that follows.
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Definition 6.6. If M satisfies the assumptions of the previous
corollary, we write M ∈ M(p, D, n).
The ultracontractivity bounds for the heat semigroup for mani-
folds in M ∈ M(p, D, n) or M ∈ M(p,λ, D, n) leads to explicit
bounds of the Kato constant for several measurable functions.
For simplicity, we write a ∨ b = max{a, b}.
Theorem 6.7 ([RS16, Theorem 4.1]). Let p > n ≥ 3, q > p/2, and
M ∈ M(p, D, n). If 0 ≤ V ∈ Lq(M), then
cKato(V, α) ≤
(
1+ K(p)Dp/2
)1/q
I(α, p, q)|||V|||q,
where
I(α, p, q) :=
∫ ∞
0
e−αt(t−p/2q ∨ 1)dt.
For M ∈ M(λ, p, D, n) we obtain
cKato(V, α) ≤ (1+ K(λ, p, D, n))1/q I(α, p, q)|||V|||q.
Remark 6.8 (cf. [RS16, Remark 4.2]). Since I(α, p, q)→ 0 as α→ ∞
we see that Lq-potentials are in the Kato class. More precisely,
1
α
≤ I(α, p, q) ≤
(
1
α
)1−p/2q( 2q
2q− p +
(
1
α
)p/2q
e−α
)
.
These inequalities follow by integrating from 0 to 1 and 1 to ∞
and estimating the exponential factor by 1 in the first integral.
Proof. By Theorem 4.15 and Corollary 6.5, respectively, we know
that
pt(x, y) ≤ 1+ K(p)D
p/2
Vol(M)
t−p/2, 0 < t ≤ 1
with explicit control on K(p). This gives
‖Pt‖1,∞ ≤ sup
x∈M
pt(x, y) ≤ 1+ K(p)D
p/2
Vol(M)
t−p/2, 0 < t ≤ 1,
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for the heat semigroup. The semigroup property and the fact that
Pt acts as a contraction on each Lp implies
‖Pt‖1,∞ ≤ 1+ K(p)D
p/2
Vol(M)
(t−p/2 ∨ 1), 0 < t < ∞.
The Riesz-Thorin convexity theorem gives that
‖Pt‖q,∞ ≤
(
1+ K(p)Dp/2
Vol(M)
)1/q
(t−p/2q ∨ 1), 0 < t < ∞.
Consequently, for V bounded,
cKato(V, α) = ‖(∆+ α)−1V‖∞ = ‖
∫ ∞
0
e−αtPtVdt‖∞
≤
∫ ∞
0
e−αt‖PtV‖∞dt ≤
∫ ∞
0
e−αt‖Pt‖q,∞‖V‖qdt
≤
(
1+ K(p)Dp/2
)1/q ‖V‖q
Vol(M)1/q
I(α, p, q),
as asserted. 
As a first consequence, we obtain a quantitative version of the
vanishing result of Elworthy and Rosenberg mentioned in the
beginning:
Corollary 6.9 ([RS16, Corollary 4.3]). Assume 3 ≤ n < p < 2q,
D, ρ0 > 0, M ∈ M(p, D, n), and
|||(ρ− ρ0)−|||q <
(
1+ K(p)Dp/2
)−1/q
I(ρ0, p, q)−1.
Then
(i) b1(M) = 0.
(ii) H1(M′) = {0} for any finite cover M′ of M.
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(iii) If the fundamental group pi1(M) is almost solvable, then pi1(M)
is finite.
Proof. Following the strategy of [ER91] it remains to show that
∆+ ρ > 0. Since
∆+ ρ ≥ ∆+ ρ0− (ρ− ρ0)−
and the assumption implies that
cKato((ρ− ρ0)−, ρ0) < 1
in view of Theorem 6.7, the statement follows from Corollary 6.2.
Points (ii) and (iii) follow from the arguments in [ER91]. 
Corollaries 6.9 and 6.5 yield a sufficient condition which in-
volves the quantity |||(ρ− ρ0)−|||q only, independent of the pa-
rameter p.
Corollary 6.10 ([RS16, Corollary 4.4]). Let M be a compact Rieman-
nian manifold of dimension n ≥ 3, q > n/2, and diam M ≤ D. For
any ρ0 > 0, there are explicit constants ε1, ε2 > 0 with the following
property: If
|||(ρ− ρ0)−|||q < ε1(ρ0),
then the conclusions of Corollary 6.9 hold.
In particular, if 0 < ρ0 ≤ 1, it is sufficient that
|||(ρ− ρ0)−|||q < ε2(ρ0).
Those constants are for any ρ0 > 0 given by
ε1(ξ) := min
{
c(q, n)
D2
,
(
1+ K
(
q +
n
2
)
D
2q+n
4
)− 1q 1
I
(
ρ0, q + n2 , q
)} ,
ε2(ξ) := min
{
c(q, n)
D2
,
(
1+ K(q + n/2)D
2q+n
4
)− 1q 2q− n
6q− nρ
2q−n
4q
0
}
,
with an explicit constant c(n, p) > 0.
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Proof. We set p = q + n/2, so that n < p < 2q. Moreover, we let
c(q, n) := (n− 1)
(
q + n/2− 1
B(q + n/2, n)
)2(
2(eq+n/2−1− 1)
)−4/(2q+n−2)
and get
|||ρ−|||p/2 ≤ |||(ρ− ρ0)−|||q ≤ c(q, n)D−2
which gives that M ∈ M(q + n/2, D, n). Since |||(ρ− ρ0)−|||q
then satisfies the requirements of the preceding corollary, we are
done. The statement concerning the case ρ0 ∈ (0, 1] follows from
the estimate for I(ρ0, q, q + n/2) from Remark 6.8. 
It is worth pointing out that it is also possible to get rid of the
assumption that pi1(M) has to be almost solvable using purely
geometric techniques. This was done in [Aub07].
As remarked in the introduction, Gallot’s paper [Gal88b] con-
tains a positivity result for Schrödinger operators that can be
used to obtain a generalization of the positivity result in [ER91].
Namely, Proposition 13 from [Gal88b] together with the control
of the isoperimetric constant give a result much in the spirit of
the preceding corollaries. Compare the results also with [RY94]
where similar results are shown under Sobolev inequalities.
6.2 Lp-L∞-smoothing for the Hodge-Laplacian and
b1(M)
In the last section we explained that smallness of the part of the
Ricci curvature going below a certain positive thresold implies
the triviality of the first cohomology group. Counterexamples in
[Gal88b] show that smallness of the negative part of the function
ρ in Lp-sense is not enough to force b1(M) to be zero. However,
it is still possible to bound b1(M) from above depending again
on the imposed Ricci curvature conditions. Therefore, we use
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the mapping properties from Lp to Lq of the semigroup of the
Hodge-Laplacian again. By semigroup domination, we can re-
strict our investigation to heat semigroups perturbed by Kato
potentials. Proposition 3.17 already shows that ultracontractiv-
ity is preserved under such a perturbation but without explicit
dependence on the parameters. Since we want to derive explicit
bounds for the rate function of ultracontractivity we prove the
result and chase the constants carefully.
Proposition 6.11 ([RS16, Corollary 5.4], cf. [SV96]). Let M be a
compact Riemannian manifold of dimension n, CU, p, t0 > 0, and
assume that the heat semigroup of M is (1,∞)- ultracontractive on
(0, t0] with rate function
θ(t) = CUt−p/2, ∀ 0 < t ≤ t0.
Let V ∈ L1(M) such that, for some β > 0,
b := bKato(V−, β) < 1.
Then for any q ∈ [1,∞], ∀ 0 < t ≤ t0,
‖e−t(∆+V)‖q,∞ ≤
[
1
1− b
](1+ tβ)(1− 1q) [
c(b, β, p, CU)t−
p
2
] 1
q
,
where
c(b, β, p, CU) =
[
2
1− b
]((1+ 1β ) 1+b1−b+ p2)
CU.
Proof. We follow parts of the proof of Thm 5.1 in [SV96].
As in the proof of Proposition 5.12 we can assume that V+ = 0.
We fix β > 0 and b = bKato(V−, β) < 1 as in the assumption; pick
κ0 > 1 such that bκ0 < 1. For definiteness, let
κ0 :=
1
2
(
1+
1
b
)
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with conjugate exponent
k0 =
κ0
κ0− 1 =
1+ b
1− b .
We can decrease κ0 slightly to κ in such a way that the exponent
k conjugate to κ is a natural number. Note that we can achieve
1+ b
1− b ≤ k ≤
1+ b
1− b + 1 =
2
1− b .
We now use Proposition 5.12 and get that
‖e−t(∆+κV)‖1,1 ≤ C1eωt,
where
C1 =
1
1− κb ,ω =
1
β
log
1
1− κb .
Chasing the constants in the above mentioned proof of in [SV96,
Theorem 5.1], in particular, gives that, for 0 < t ≤ t0,
C′t := ‖e−t(∆+V)‖1,∞ ≤ C tk C
k−1eωt(k−1),
where
C t
k
= ‖e− tk∆‖1,∞ ≤ CUk
p
2 t−
p
2 .
We plug in C1,ω as well as the estimates on k and get
C′t ≤ K
[
1
1− κb
] 1+b
1−b [ 1
1− κb
] 1+b
1−b · tβ [ 2
1− b
] p
2
t−
p
2
Since κb ≤ κ0b = 12(b + 1) by our choice above,
C′t ≤ CU
[
2
1− b
] 1+b
1−b
(
1+ tβ
)
+
p
2
t−
p
2
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and, since we are interested in t ≤ t0 only, we get the assertion
for q = 1. An appeal to the Riesz-Thorin convexity theorem gives
the assertion for arbitrary 1 ≤ q, where we use that
‖e−t(∆+V)‖∞,∞ ≤
[
1
1− b
](1+ tβ)
by Proposition 5.12 and duality.

Our analytic investigation shows the sufficiency of ultracon-
tractivity and the Kato condition for the negative part of Ricci
curvature to obtain bounds on the norm of the perturbed heat
semigroup. It directly yields the smoothing property for the
semigroup of the Hodge-Laplacian.
Corollary 6.12 ([RS16, Corollary 5.6]). Assume that M is compact
and that the heat semigroup of M is ultracontractive such that there are
C, p, t0, β > 0 such that
‖Pt‖1,∞ ≤ CUt−p/2, ∀ 0 < t ≤ t0
and
b := bKato(ρ−, β) < 1.
Then, for any q ∈ [1,∞],
‖e−t∆1‖q,∞ ≤
[
1
1− b
](1+ tβ)(1− 1q) [
c(b, β, p, CU)t−
p
2
] 1
q ∀ 0 < t ≤ t0,
where c(b, β, p, CU) is as in 6.11.
Proof. This is clear from semigroup domination and Corollary
6.11. 
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Thanks to the fact that every harmonic one-form is also an
eigenfunction of the semigroup, the dimension of the space of
harmonic one-forms can be estimated by the trace of the semi-
group of the Hodge-Laplacian. Using the methods described
above we deduce a generalization of the first part of Bochner’s
theorem in terms of analytic properties.
Proposition 6.13. Assume that M is compact. Let the heat semigroup
of M be ultracontractive such that there are C, p, t0, β > 0 with
‖Pt‖1,∞ ≤ CUt−p/2, ∀ 0 < t ≤ t0
and
b := bKato(ρ−, β) < 1.
Then
b1(M) ≤ n ·
[
2
1− b
]((1+ 1β ) 1+b1−b+ p2)
Vol(M)CUt
−p/2
0 . (6.3)
Proof. First note that e−t∆1 leaves H1(M) invariant and so
dim(H1(M)) ≤ Tr(e−t∆1) for t > 0
Moreover, by Theorem 3.23 we know that
Tr(e−t∆
1
) ≤ n · Tr(e−t(∆+ρ)) for t > 0.
The latter trace can be calculated for t = t0 as
Tr(e−t0(∆+ρ)) =
∫
M
k(x, x)dvol(x)
with a continuous kernel k (note that ρ is continuous) given by
the Dunford-Pettis theorem, see, e.g., [AB94]. This kernel can be
estimated pointwise by
0 ≤ sup
x,y∈M
k(x, y) = ‖e−t0(∆+ρ)‖1,∞,
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giving
Tr(e−t0(∆+ρ)) ≤ Vol(M)‖e−t0(∆+ρ)‖1,∞.
The latter is estimated in Corollary 6.11. 
Compare the lemma above also with [RS16, Corollary 5.7]. So
far, we investigated an operator theoretic method to bound the
first Betti number, i.e., without using any explicit assumptions on
the geometry of the manifold. The connection between ultracon-
tractivity and the Kato constant is quite clear from the definition.
Nevertheless, we prove the lemma below for further use.
Lemma 6.14. Let M be compact and its heat semigroup ultracontrac-
tive such that there are constants CU, p, β > 0 such that
‖Pt‖1,∞ ≤ CU t−p/2, 0 < t ≤ β.
For any q > p/2 and any non-negative V ∈ Lq(M) we have
bKato(V, β) ≤ 2qC
1/q
U
2q− pβ
1−p/2q‖V‖q < ∞.
Proof. The q-integrability of V ensures finiteness of the right-hand
side. The definition of the Kato constant and the ultracontractive
estimate imply
bKato(V, β) ≤
∫ β
0
‖PtV‖∞dt ≤
∫ β
0
‖Pt‖q,∞‖V‖qdt.
The Lp-L∞-norm of the heat semigroup can be estimated by the
Riesz-Thorin convexity theorem:
‖Pt‖q,∞ ≤ C1/qU t−p/2q, 0 < t ≤ β.
Integrating yields the claim. 
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The lemma above ensures explicit bounds for the first Betti
number if ‖ρ−‖q is small enough for some appropriate q. Since
we know that manifolds inM(λ, p, D, n) orM(p, D, n) satisfy a
uniform Gaussian estimate, the constant bKato can be controlled
by the Lq-mean of the involved potential in a similar fashion like
the constant cKato.
Corollary 6.15 (cf. [RS16, Proposition 5.1]). Let 3 ≤ n < p < 2q,
D > 0 and M ∈ M(p, D, n). If V ∈ Lq(M) and β ∈ (0, 1], then
bKato(V, β) ≤
(
1+ Dp/2K(p)
)1/q |||V|||q 2q2q− pβ 2q−p2q .
For M ∈ M(λ, p, D, n), we obtain
bKato(V, β) ≤ (1+ K(λ, p, D, n))1/q |||V|||q
2q
2q− pβ
2q−p
2q .
The proof is analogous to the proof of Theorem 6.7. Setting
V = ρ− in the theorem above yields the bound for the first Betti
number under integral curvature conditions.
Instead of going for these admittedly rather complicated for-
mulae, we derive a bound on the dimension of the first Betti
number in terms of the Kato condition:
Corollary 6.16 ([RS16, Corollary 5.7]). Let 3 ≤ n < p and assume
that M ∈ M(p, D, n) and b := bKato(ρ−, β) < 1 for some β > 0.
Then
b1(M) ≤ n ·
[
2
1− b
]((1+ 1β ) 1+b1−b+ p2) (
1+ K(p)D
p
2
)
Proof. Comparing the statements above and plugging in the ul-
tracontractivity estimate for the heat kernel results in a cancelling
of the volume term in (6.3). 
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Note that the latter estimate can also be seen as an explicit
variant of the bound on b1(M) in Theorem 11 from [Gal88b].
There it is shown that there is a function in certain parameters,
amongst them the Lp-norm of ρ− for some p > n2 , that gives
an upper bound for the first Betti number. It is emphasized
that p = d2 does not suffice. In our result above we have an
explicit function and the condition is phrased in terms of the
Kato condition rather than in terms of Lp-mean, which fits with
the latter: The Kato constant can be controlled by the Lp-norm of
ρ− for any p > n2 but the limiting case p =
n
2 is not allowed.
Of course, Corollary 6.15 can be plugged in here, giving the
following estimate.
Corollary 6.17 (cf. [RS16, Corollary 6.17]). Let 3 ≤ n < p < 2q
and assume that M satisfies M ∈ M(p, D, n). Let
c¯ :=
2q
2q− p
(
1+ K(p)Dp/2
)1/q
.
and |||ρ−|||q < c¯−1. Then,
b1(M) ≤ n ·
[
2
1− c¯|||ρ−|||p
](2 1+c¯|||ρ−|||p
1−c¯|||ρ−|||p+
p
2
) (
1+ K(p)D
p
2
)
. (6.4)
Proof. Choosing β = 1, we see by Proposition 6.15 that the as-
sumption on |||ρ−|||q ensures that
bKato(ρ−, 1) ≤ c¯|||ρ−|||q < 1.
Plugging this into the preceding result gives the assertion. 
To compare the corollary above with Bochner’s theorem it
would be necessary to find a curvature condition in such a way
that the right-hand side of (6.4) equals n. Here, we could use Gro-
mov’s trick and choose the condition such that the right hand side
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is smaller than n+ 1. Unfortunately, the condition would depend
on an appropriate interplay of the upper bound of the diameter,
D, and the constants p and K(p), where the latter is explicit but
certainly unknown. Instead of assuming M ∈ M(. . .), we could
use Theorem 4.27 to provide a rate function of ultracontractivity
for a fixed radius. An assumption on a whole class is not suffi-
cient since the rate function lives on an interval depending on
the diameter.
Contrary to the results above we have seen in the last chapter
that the smallness of the Kato constant itself implies an ultracon-
tractivity estimate for the heat semigroup. Therefore, we can also
formulate a corollary based on the estimate (5.16).
Definition 6.18. Let n ∈ N , b > 0, a ∈ (0, 1). A manifold M
belongs to the classM(n, b, a) if diam(M)2 ≤ b and
bKato(r −, b) < #,
with #= #(n, a) > 0 given by Theorem 5.11.
Corollary 6.19 (cf. [Ros16b, Corollary 4.1]). Let n ∈ N , b > 0,
a ∈ (0, 1) and M ∈ M(n, b, a). Then, we have
b1(M) ≤ n ·

2
1− b


1+ 1b

1+b
1−b+n
∗#n
en
∗/42n
∗#n (6.5)
with n∗ as in Theorem 5.11.
Proof. We know that the heat semigroup is ultracontractive on
(0, b] by Corollary 5.15 with an explicit uniform Gaussian upper
bound. Plugging this into the upper estimate for b1(M) obtained
in Corollary 6.12, we end up with a cancelling of the volume
term. 
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